
Lecture Feasible Interpolation 0ct8

Goal : prove size lower bounds for cutting Planes proofs

considering
"

split
' '

unsatisfiable CNF formulas

F = A (x
,y ) n BC Xyz ) "partial

"

Associated
"

interpolation function
"

f, :{ 0,13
"

→ { 0,1 , *}

FF ( x) = {I TY : Atx , y)=z

O 3- z :B (x,z) =L
* 01W

Note : Because of variable partitioning , ft is a well-defined
(partial ) function .

Complexity of refuting F n complexity of computing ff .

Do this by considering associated search problems

searchCF) :
-

- Given assignment , output false clause

For f :{0,13^-3 {0,1 , *}
Karchmer - wigderson (Kw) Game

Kw (f ) : = Two inputs : XEf
- '
Ci)
, y Ef

- '

co)
.
Goal : find

an ie En] sit . Xi Fyi .

Proof for F Small circuit for ff
n d

l im l
.

Prove
#
trategy Search CF )

Protocol
for kwcff )

*



Today : Prove two theorems 0ct8

Think) For any unsat CNF formula F=ACx,y)nBCX , z )

D.
pees
(F ) 7 Communication Complexity of kwlff )

CC ( KwCfp ))

If all occurrences of the x variables in Alay )
are positive then

Pres (F ) > cccmkw Cfp ))in

✓
key to proving good
lower bounds via

Aside : mkwlft ) ? this technique .

If f :{0,15
"
→ {0,1 , * } is a monotone function ,

i.e
.

if there exists a O - I assignment to all *s s.t .

if Xi Ey! for all 9 f- Cx ) e- fly )
then define

mkwtf : Given +⇐ f-
'

Ll)
, yef

- '

co) , find ie En]
sit . Xi = I and y ,o=0 .

can't happen

exj f :{ 0,15 → {0,13 and monotone
, f

X Ef
- '

Cl )
, yff

- '
Cio) sit . tho : Xi =L then yi -- I

⇒ xp e- Yi

⇒ fcx) Effy ) coat '.
It 11

I 0



If) For any partial function 0ct8

f :{0,13^-3 {0,1 , * } ,
CC (Kw ( f)) = min depth of any boolean

circuit computing f

If f is monotone

CC (mkwcf)) = min depth of any
monotone Boolean ckt computing of

NO NOT →
GATES , only a ,V

Third) For any unsat CNF formula F=ACx,y)nBCX , z )

D.
pees
(F ) 7 Communication Complexity of kwlff )

Proof of Thin g
CC ( KwCfp ))

-

Let IT be any resolution proof of F .
We give a

comm . protocol for KWIFF ) with complexity at
most the depth of Tl .

Alice gets u Effi 'll ) , flu) -4 ⇐ A-Cuny) is satisfiable .

Alice picks any q
"

sit . Alu,g
") -- I .

Bob gets ref co)
, flu ) -- O ⇐ B.Cv

,
z) is sat .

c : Bob picks r
't

s - t
. BCN

,
rv ) =3 .



Goal : Find ie Cn] sit . Ui Evi .

Alice and Bob walk down Tl from the root clause
, to

maintain the following invariant :
X Y Z X Y z

txt) Both assignments (u , g
"
,
rv )

,
Cv
, q
"

,
ru )

falsify the current clause .

Initially , they're at t , so (*) holds !

Next , suppose Cvw Jv D they are at clause CUD
-

CVDI
derived from Cvw

,
TVD .

(1) If w is a y - variable ( in Atx
,y)) , let w=yi .

Alice sends gtfo to Bob
, they go to

whatever input clause is false .

(2) If w is a z - variable ( in BCX
,
z))
, let w

-

- Zi
,

now Bob speaks ! (symmetric)

(3) If w is an x - var
,
let w -- Xi .

Bob sends vi to Alice - if uitv , then done !

If u; = Yo , then they both go to the input
clause to this step that is falsified .

Eventually they end at a leaf , clause from
Afxny) or BCX

,
z) . we know that

( ang
"

,rV ) satisfies A , Thus A n B find
an i wi uitvis

( v , gu , r
" ) satisfies B . communicate E

depth (Tt bits D



If all occurrences of x- vars in Acxsy) Oct 8
are positive , then we modify the invariant

-

and (3) o
X Y Z X Y z

txt) Both assignments (u , g
"
, r
' )

,
Cv
, q
"

,
ru )

falsify the current clause .

New CA ) : Fu ' Yu s -
t
. ( ur ,q

" ,rv ) , (v. guy
' )

pointwise 9 both falsify the current clause .

New Goal : Find ie ENT s - t . ui -- I, Vi -0 .

Modify (3) as follows :

New (3) w -

- Xi for some 9
.
Bob sends Vi to Alice .

- If u; =L , ri - o then halt
, output i .

- If u ; Evi , then they go to child falsified
by Vi .

If Ui -- vi.then no change !

If u ,o=o , ri
-

- I
, then Setu! =L , and

New CA) is satisfied .



For any partial function Oct 8

f :{0,13
"
→ {0,1 , * } ,

-

CC (Kw ( f)) = min depth of any boolean
circuit computing f

If f is monotone

CC (mkwcf)) = min depth of any
monotone Boolean ckt computing of

NO NOT →
GATES , only n , V

Pf of Them 2
-

( E ) Ccckwlf)) E circuit depth of f

Alice gets u Ef
-'
Cl )

,
Bob gets wtf

- '

co)

They both (privately ) evaluate the circuit C on

u and v
.

Start at output gale of the circuit C
,
walk

to input variable x ; while maintaining that
the current gate g satisfies

gcu) Fgcu) .

At output gale , Clu)
-

- flu) -4 , Ccv) -74=0 .

V

- If g
-

- hi ahj
=L =L

gcu) =L ⇒ hike) and h:( all
glv) =O ⇒ one of hi Cv) , hjcv ) -0



So Bob sends the ist . hi Cv) -- O

- If g
= hi vhj

glu) -- I ⇒ hike) -- I ore hjlu) =L

gu) -0 ⇒ his Cv)=hjCv)=0 .

So Alice sends i sit
. hi (a) =L .

Eventually . they reach an input variable xp , and

by assumption uitvi .

(7) CC ( Kw Cf )) 7 circuit depth of f .

Short version : Given protocol Tl , create boolean ckt

for f .

Relabel Alice nodes in IT with V
, Bob nodes with a

,

and leaves where they output xp , Xi with the

corresponding variable .

Prove slightly stronger statement :

(D) For any U Ef
- '
Cl ) , V Ef

- '
co ) let

fu,v( x) -- { to IET C computes far
* 01W

Then CC of the game for fur 7 circuit depth of fur

PI Induction on d := communication complexity .



If D= 0 , then Alice and Bob know an index i 0¥
that is different . The circuit is Xi or XT .

01W at depth d : suppose Alice speaks first

Alice looks at ⑦ ← protocol correct UXV
UEU and decides Y Ywhat bit to send .

Tq Ttp
UOXV Ugxv

U = do U,

Uto = {u : Alice sends b}
Inductively convert Th, Tlr to circuits CL , Cr .
Set
(= CLV Cro

CL (u) = I if ut Uo Cr (a) =L if UEU ,

so on Uo UU, Clu) -- Gcu) v Cela) =L

If Cllr) =O if VEV Crlv ) -0 if rev

so Ccv) = CLG ) v Crt) = O .

AND C is correct!

Bob's speaks is a symmetric argument ( switch n
and V ) .

D


