
Lecture 12: More on Q-learning
Off-policy learning



Recall

Extend prediction to control by employing some form of GPI
On-policy control: Sarsa, Expected Sarsa
Off-policy control: Q-learning, Expected Sarsa

We can make these work with function approximation
All ideas we talked about (n-step, eligibility traces) 
generalize to control



Recall: Q-Learning is Off-Policy TD 
Control
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Initialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0

Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

Choose A from S using policy derived from Q (e.g., "-greedy)
Take action A, observe R, S0

Q(S,A) Q(S,A) + ↵[R+ �maxaQ(S0, a)�Q(S,A)]
S  S0

;

until S is terminal

Figure 6.12: Q-learning: An o↵-policy TD control algorithm.

(Figure 3.7). Can you guess now what the diagram is? If so, please do make
a guess before turning to the answer in Figure 6.14.
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Figure 6.13: The cli↵-walking task. The results are from a single run, but
smoothed.

Example 6.6: Cli↵ Walking This gridworld example compares Sarsa
and Q-learning, highlighting the di↵erence between on-policy (Sarsa) and o↵-
policy (Q-learning) methods. Consider the gridworld shown in the upper part
of Figure 6.13. This is a standard undiscounted, episodic task, with start and
goal states, and the usual actions causing movement up, down, right, and left.
Reward is �1 on all transitions except those into the the region marked “The
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6.5 Q-learning: O↵-Policy TD Control

One of the most important breakthroughs in reinforcement learning was the devel-
opment of an o↵-policy TD control algorithm known as Q-learning (Watkins, 1989).
Its simplest form, one-step Q-learning , is defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a
Q(St+1, a)�Q(St, At)

i
. (6.6)

In this case, the learned action-value function, Q, directly approximates q⇤, the op-
timal action-value function, independent of the policy being followed. This dramat-
ically simplifies the analysis of the algorithm and enabled early convergence proofs.
The policy still has an e↵ect in that it determines which state–action pairs are visited
and updated. However, all that is required for correct convergence is that all pairs
continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to find optimal behavior in the general case
must require it. Under this assumption and a variant of the usual stochastic approx-
imation conditions on the sequence of step-size parameters, Q has been shown to
converge with probability 1 to q⇤. The Q-learning algorithm is shown in procedural
form in Figure 6.10.

What is the backup diagram for Q-learning? The rule (6.6) updates a state–action
pair, so the top node, the root of the backup, must be a small, filled action node.
The backup is also from action nodes, maximizing over all those actions possible in
the next state. Thus the bottom nodes of the backup diagram should be all these
action nodes. Finally, remember that we indicate taking the maximum of these “next
action” nodes with an arc across them (Figure 3.7). Can you guess now what the
diagram is? If so, please do make a guess before turning to the answer in Figure 6.12.

Initialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

Choose A from S using policy derived from Q (e.g., ✏-greedy)
Take action A, observe R, S0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0, a)�Q(S, A)

⇤

S  S0;
until S is terminal

Figure 6.10: Q-learning: An o↵-policy TD control algorithm.

One-step Q-learning:
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Figure 6.5: The cli↵-walking task. The results are from a single run, but smoothed by
averaging the reward sums from 10 successive episodes.

The lower part of Figure 6.5 shows the performance of the Sarsa and Q-learning
methods with "-greedy action selection, " = 0.1. After an initial transient, Q-learning
learns values for the optimal policy, that which travels right along the edge of the
cli↵. Unfortunately, this results in its occasionally falling o↵ the cli↵ because of
the "-greedy action selection. Sarsa, on the other hand, takes the action selection
into account and learns the longer but safer path through the upper part of the
grid. Although Q-learning actually learns the values of the optimal policy, its on-
line performance is worse than that of Sarsa, which learns the roundabout policy.
Of course, if " were gradually reduced, then both methods would asymptotically
converge to the optimal policy.

Exercise 6.9 Why is Q-learning considered an o↵-policy control method?

Q-learning Expected Sarsa

Figure 6.6: The backup diagrams for Q-learning and expected Sarsa.



Recall: Off-policy is less risk-averse

ε−greedy, ε = 0.1

R

R



Recall: Expected Sarsa

Instead of the sample value-of-next-state, use the expectation!

Off-policy if you do not behave according to π
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Q-learning Expected Sarsa

Figure 6.12: The backup diagrams for Q-learning and expected Sarsa.

6.6 Expected Sarsa

Consider the learning algorithm that is just like Q-learning except that instead of
the maximum over next state–action pairs it uses the expected value, taking into
account how likely each action is under the current policy. That is, consider the
algorithm with the update rule

Q(St, At) Q(St, At) + ↵
h
Rt+1 + �E[Q(St+1, At+1) | St+1]�Q(St, At)

i

 Q(St, At) + ↵
h
Rt+1 + �

X

a

⇡(a|St+1)Q(St+1, a)�Q(St, At)
i
, (6.7)

but that otherwise follows the schema of Q-learning (as in Figure 6.10). Given the
next state, St+1, this algorithm moves deterministically in the same direction as
Sarsa moves in expectation, and accordingly it is called expected Sarsa. Its backup
diagram is shown in Figure 6.12.

Expected Sarsa is more complex computationally than Sarsa but, in return, it
eliminates the variance due to the random selection of At+1. Given the same amount
of experience we might expect it to perform slightly better than Sarsa, and indeed it
generally does. Figure 6.13 shows summary results on the cli! -walking task with Ex-
pected Sarsa compared to Sarsa and Q-learning. As an on-policy method, Expected
Sarsa retains the significant advantage of Sarsa over Q-learning on this problem. In
addition, Expected Sarsa shows a significant improvement over Sarsa over a wide
range of values for the step-size parameter ↵. In cli! walking the state transitions
are all deterministic and all randomness comes from the policy. In such cases, Ex-
pected Sarsa can safely set ↵ = 1 without su! ering any degradation of asymptotic
performance, whereas Sarsa can only perform well in the long run at a small value
of ↵, at which short-term performance is poor. In this and other examples there is
a consistent empirical advantage of Expected Sarsa over Sarsa.

In these cli! walking results we have taken Expected Sarsa to be an on-policy
algorithm, but in general we can use a policy di! erent from the target policy ⇡ to
generate behavior, in which case Expected Sarsa becomes an o! -policy algorithm.
For example, suppose ⇡ is the greedy policy while behavior is more exploratory;
then Expected Sarsa is exactly Q-learning. In this sense Expected Sarsa subsumes
and generalizes Q-learning while reliably improving over Sarsa. Except for the small
additional computational cost, Expected Sarsa may completely dominate both of the
other more-well-known TD control algorithms.
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Q-learning Expected Sarsa

Figure 6.12: The backup diagrams for Q-learning and expected Sarsa.

6.6 Expected Sarsa

Consider the learning algorithm that is just like Q-learning except that instead of
the maximum over next stateÐaction pairs it uses the expected value, taking into
account how likely each action is under the current policy. That is, consider the
algorithm with the update rule

Q(St , At ) ! Q(St , At ) + !
!
Rt+1 + " E[Q(St+1 , At+1 ) | St+1 ] " Q(St , At )

"

! Q(St , At ) + !
!
Rt+1 + "

#

a

#(a|St+1 )Q(St+1 , a) " Q(St , At )
"
, (6.7)

but that otherwise follows the schema of Q-learning (as in Figure 6.10). Given the
next state, St+1 , this algorithm moves deterministically in the same direction as
Sarsa movesin expectation, and accordingly it is called expected Sarsa. Its backup
diagram is shown in Figure 6.12.

Expected Sarsa is more complex computationally than Sarsa but, in return, it
eliminates the variance due to the random selection ofAt+1 . Given the same amount
of experience we might expect it to perform slightly better than Sarsa, and indeed it
generally does. Figure 6.13 shows summary results on the cli! -walking task with Ex-
pected Sarsa compared to Sarsa and Q-learning. As an on-policy method, Expected
Sarsa retains the signiÞcant advantage of Sarsa over Q-learning on this problem. In
addition, Expected Sarsa shows a signiÞcant improvement over Sarsa over a wide
range of values for the step-size parameter! . In cli ! walking the state transitions
are all deterministic and all randomness comes from the policy. In such cases, Ex-
pected Sarsa can safely set! = 1 without su ! ering any degradation of asymptotic
performance, whereas Sarsa can only perform well in the long run at a small value
of ! , at which short-term performance is poor. In this and other examples there is
a consistent empirical advantage of Expected Sarsa over Sarsa.

In these cli! walking results we have taken Expected Sarsa to be an on-policy
algorithm, but in general we can use a policy di! erent from the target policy # to
generate behavior, in which case Expected Sarsa becomes an o! -policy algorithm.
For example, suppose# is the greedy policy while behavior is more exploratory;
then Expected Sarsa is exactly Q-learning. In this sense Expected Sarsa subsumes
and generalizes Q-learning while reliably improving over Sarsa. Except for the small
additional computational cost, Expected Sarsa may completely dominate both of the
other more-well-known TD control algorithms.

a



More on Q-learning

Q-learning is an approximation of value iteration for Q-actions
In the tabular case, it converges to the optimal solution 
regardless how you behave!!! As long as you take every action 
infinitely often
This is a more involved contraction argument
We saw DQN which is an implementation of Q-learning with 
neural nets
Works very well but uses some tricks
Goal of those tricks is to make the problem more like 
supervised learning and less like online TD
Today we discuss why



Recall



Maximization Bias Example
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6.5 Q-learning: O ! -Policy TD Control

One of the most important breakthroughs in reinforcement learning was the devel-
opment of an o! -policy TD control algorithm known as Q-learning (Watkins, 1989).
Its simplest form, one-step Q-learning, is deÞned by

Q(St , At ) ! Q(St , At ) + !
!
Rt+1 + " max

a
Q(St+1 , a) " Q(St , At )

"
. (6.6)

In this case, the learned action-value function,Q, directly approximates q! , the op-
timal action-value function, independent of the policy being followed. This dramat-
ically simpliÞes the analysis of the algorithm and enabled early convergence proofs.
The policy still has an e! ect in that it determines which stateÐaction pairs are visited
and updated. However, all that is required for correct convergence is that all pairs
continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to Þnd optimal behavior in the general case
must require it. Under this assumption and a variant of the usual stochastic approx-
imation conditions on the sequence of step-size parameters,Q has been shown to
converge with probability 1 to q! . The Q-learning algorithm is shown in procedural
form in Figure 6.10.

What is the backup diagram for Q-learning? The rule (6.6) updates a stateÐaction
pair, so the top node, the root of the backup, must be a small, Þlled action node.
The backup is alsofrom action nodes, maximizing over all those actions possible in
the next state. Thus the bottom nodes of the backup diagram should be all these
action nodes. Finally, remember that we indicate taking the maximum of these Ònext
actionÓ nodes with an arc across them (Figure 3.7). Can you guess now what the
diagram is? If so, please do make a guess before turning to the answer in Figure 6.12.

Initialize Q(s, a), #s $ S, a $ A(s), arbitrarily, and Q(terminal-state, á) = 0
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

ChooseA from S using policy derived from Q (e.g., #-greedy)
Take action A, observeR, S!

Q(S, A) ! Q(S, A) + !
#
R + " maxa Q(S!, a) " Q(S, A)

$

S ! S!;
until S is terminal

Figure 6.10: Q-learning: An o! -policy TD control algorithm.

Tabular Q-learning:
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A maximum over estimated values is used implicitly as an estimate of the maximum 
value, which can lead to a significant positive bias.



Double Q-Learning
• Train 2 action-value functions, Q1 and Q2

• Do Q-learning on both, but

• never on the same time steps (Q1 and Q2 are indep.)

• pick Q1 or Q2 at random to be updated on each step

• If updating Q1, use Q2 for the value of the next state:

• Action selections are (say) 𝜀 -greedy with respect to the sum 

of Q1 and Q2

Hado van Hasselt 2010
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Initialize Q1(s, a) and Q2(s, a), ! s " S, a " A(s), arbitrarily
Initialize Q1(terminal-state, á) = Q2(terminal-state, á) = 0
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

ChooseA from S using policy derived from Q1 and Q2 (e.g., ! -greedy in Q1 + Q2)
Take action A, observeR, S!

With 0.5 probabilility:

Q1(S, A) # Q1(S, A) + "
!

R + #Q2
"
S!, argmaxa Q1(S!, a)

#
$ Q1(S, A)

$

else:

Q2(S, A) # Q2(S, A) + "
!

R + #Q1
"
S!, argmaxa Q2(S!, a)

#
$ Q2(S, A)

$

S # S!;
until S is terminal

Figure 6.15: Double Q-learning.

The idea of doubled learning extends naturally to algorithms for full MDPs. For
example, the doubled learning algorithm analogous to Q-learning, called Double Q-
learning, divides the time steps in two, perhaps by ßipping a coin on each step. If
the coin comes up heads, the update is

Q1(St , At ) # Q1(St , At )+ "
!

Rt+1 + Q2
"
St+1 , argmax

a
Q1(St+1 , a)

#
$ Q1(St , At )

$
.

(6.8)

If the coin comes up tails, then the same update is done withQ1 and Q2 switched,
so that Q2 is updated. The two approximate value functions are treated completely
symmetrically. The behavior policy can use both action value estimates. For ex-
ample, an ! -greedy policy for Double Q-learning could be based on the average (or
sum) of the two action-value estimates. A complete algorithm for Double Q-learning
is given in Figure 6.15. This is the algorithm used to produce the results in Fig-
ure 6.14. In this example, doubled learning seems to eliminate the harm caused by
maximization bias. Of course there are also doubled versions of Sarsa and Expected
Sarsa.

6.8 Games, Afterstates, and Other Special Cases

In this book we try to present a uniform approach to a wide class of tasks, but of
course there are always exceptional tasks that are better treated in a specialized way.
For example, our general approach involves learning anaction-value function, but in
Chapter 1 we presented a TD method for learning to play tic-tac-toe that learned
something much more like astate-value function. If we look closely at that example, it
becomes apparent that the function learned there is neither an action-value function
nor a state-value function in the usual sense. A conventional state-value function
evaluates states in which the agent has the option of selecting an action, but the



Double Q-Learning
Hado van Hasselt 2010
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Initialize Q1(s, a) and Q2(s, a), ! s " S, a " A(s), arbitrarily
Initialize Q1(terminal-state, á) = Q2(terminal-state, á) = 0
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

ChooseA from S using policy derived from Q1 and Q2 (e.g., ! -greedy in Q1 + Q2)
Take action A, observeR, S!

With 0.5 probabilility:
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!

R + #Q2
"
S!, argmaxa Q1(S!, a)

#
$ Q1(S, A)

$
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!
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"
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#
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$

S # S!;
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Figure 6.15: Double Q-learning.

The idea of doubled learning extends naturally to algorithms for full MDPs. For
example, the doubled learning algorithm analogous to Q-learning, called Double Q-
learning, divides the time steps in two, perhaps by ßipping a coin on each step. If
the coin comes up heads, the update is

Q1(St , At ) # Q1(St , At )+ "
!

Rt+1 + Q2
"
St+1 , argmax

a
Q1(St+1 , a)

#
$ Q1(St , At )

$
.

(6.8)

If the coin comes up tails, then the same update is done withQ1 and Q2 switched,
so that Q2 is updated. The two approximate value functions are treated completely
symmetrically. The behavior policy can use both action value estimates. For ex-
ample, an ! -greedy policy for Double Q-learning could be based on the average (or
sum) of the two action-value estimates. A complete algorithm for Double Q-learning
is given in Figure 6.15. This is the algorithm used to produce the results in Fig-
ure 6.14. In this example, doubled learning seems to eliminate the harm caused by
maximization bias. Of course there are also doubled versions of Sarsa and Expected
Sarsa.

6.8 Games, Afterstates, and Other Special Cases

In this book we try to present a uniform approach to a wide class of tasks, but of
course there are always exceptional tasks that are better treated in a specialized way.
For example, our general approach involves learning anaction-value function, but in
Chapter 1 we presented a TD method for learning to play tic-tac-toe that learned
something much more like astate-value function. If we look closely at that example, it
becomes apparent that the function learned there is neither an action-value function
nor a state-value function in the usual sense. A conventional state-value function
evaluates states in which the agent has the option of selecting an action, but the



Example of Maximization Bias
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and ! = 1).
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Figure 6.8: Comparison of Q-learning and Double Q-learning on a simple episodic MDP
(shown inset). Q-learning initially learns to take the left action much more often than theright
action, and always takes it signiÞcantly more often than the 5% minimum probability enforced
by "-greedy action selection with " = 0 .1. In contrast, Double Q-learning is essentially
una! ected by maximization bias. These data are averaged over 10,000 runs. The initial
action-value estimates were zero. Any ties in" -greedy action selection were broken randomly.

Are there algorithms that avoid maximization bias? To start, consider a bandit
case in which we have noisy estimates of the value of each of many actions, obtained
as sample averages of the rewards received on all the plays with each action. As we
discussed above, there will be a positive maximization bias if we use the maximum
of the estimates as an estimate of the maximum of the true values. One way to view
the problem is that it is due to using the same samples (plays) both to determine
the maximizing action and to estimate its value. Suppose we divided the plays in
two sets and used them to learn two independent estimates, call themQ1(a) and
Q2(a), each an estimate of the true valueq(a), for all a ! A. We could then use
one estimate, sayQ1, to determine the maximizing action A! = argmaxa Q1(a), and
the other, Q2, to provide the estimate of its value, Q2(A! ) = Q2(argmaxa Q1(a)).
This estimate will then be unbiased in the sense thatE[Q2(A! )] = q(A! ). We can
also repeat the process with the role of the two estimates reversed to yield a second
unbiased estimateQ1(argmaxa Q2(a)). This is the idea of doubled learning. Note
that although we learn two estimates, only one estimate is updated on each play;
doubled learning doubles the memory requirements, but is no increase at all in the
amount of computation per step.

The idea of doubled learning extends naturally to algorithms for full MDPs. For
example, the doubled learning algorithm analogous to Q-learning, called Double Q-
learning, divides the time steps in two, perhaps by ßipping a coin on each step. If
the coin comes up heads, the update is

Q1(St , At ) " Q1(St , At )+ #
!
Rt+1 + ! Q2

"
St+1 , argmax

a
Q1(St+1 , a)

#
# Q1(St , At )

$
.



Double DQN

(cf. van Hasselt et al, 2015)



Which DQN improvements 
matter?

Rainbow model, (Hessel et al, 2017)



More generally: Off-policy Methods

!  Learn the value of the target policy π from experience due to 
behavior policy 𝜇

! For example, π is the greedy policy (and ultimately the optimal 
policy) while 𝜇  is exploratory (e.g., 𝜀 -soft)

! In general, we only require coverage, i.e., that 𝜇  generates 
behavior that covers, or includes, π

! Idea: importance sampling
– Weight each return by the ratio of the probabilities of the 

trajectory under the two policies

14
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that ! (a|s) > 0 implies µ(a|s) > 0. This is called the assumption ofcoverage. It
follows from coverage that µ must be stochastic in states where it is not identical
to ! . The target policy ! , on the other hand, may be deterministic, and, in fact,
this is a case of particular interest in control problems. In control, the target policy
is typically the deterministic greedy policy with respect to the current action-value
function estimate. This policy becomes a deterministic optimal policy while the
behavior policy remains stochastic and more exploratory, for example, an"-greedy
policy. In this section, however, we consider the prediction problem, in which! is
unchanging and given.

Almost all o! -policy methods utilize importance sampling, a general technique for
estimating expected values under one distribution given samples from another. We
apply importance sampling to o! -policy learning by weighting returns according to
the relative probability of their trajectories occurring under the target and behavior
policies, called theimportance-sampling ratio. Given a starting state St , the prob-
ability of the subsequent stateÐaction trajectory, At , St+1 , At+1 , . . . , ST , occurring
under any policy ! is

T ! 1!

k= t

! (Ak |Sk)p(Sk+1 |Sk, Ak),

where p here is the state-transition probability function deÞned by (3.8). Thus,
the relative probability of the trajectory under the target and behavior policies (the
importance-sampling ratio) is

#T
t

.=
" T ! 1

k= t ! (Ak |Sk)p(Sk+1 |Sk, Ak)
" T ! 1

k= t µ(Ak|Sk)p(Sk+1 |Sk, Ak)
=

T ! 1!

k= t

! (Ak |Sk)
µ(Ak|Sk)

. (5.3)

Note that although the trajectory probabilities depend on the MDPÕs transition
probabilities, which are generally unknown, all the transition probabilities cancel.
The importance sampling ratio ends up depending only on the two policies and not
at all on the MDP.

Now we are ready to give a Monte Carlo algorithm that uses a batch of observed
episodes following policyµ to estimate v! (s). It is convenient here to number time
steps in a way that increases across episode boundaries. That is, if the Þrst episode
of the batch ends in a terminal state at time 100, then the next episode begins at
time t = 101. This enables us to use time-step numbers to refer to particular steps in
particular episodes. In particular, we can deÞne the set of all time steps in which state
s is visited, denotedT(s). This is for an every-visit method; for a Þrst-visit method,
T(s) would only include time steps that were Þrst visits to s within their episodes.
Also, let T(t) denote the Þrst time of termination following time t, and Gt denote the
return after t up through T(t). Then { Gt } t" T(s) are the returns that pertain to state

s, and { #T (t)
t } t " T(s) are the corresponding importance-sampling ratios. To estimate

v! (s), we simply scale the returns by the ratios and average the results:

V (s) .=

#
t" T(s) #T (t )

t Gt

|T(s)|
. (5.4)



Importance Sampling in General

15

Importance sampling

¥ Suppose we want to estimate the expected value of a functionf
depending on a random variableX drawn according to thetarget
probability distributionP(X ).

¥ If we had N samplesxi drawn from P(X ), we could estimate the
expectation using the empirical mean:

EP [f ] !
1
N

N!

i =1

f (xi )

¥ But instead, we have only samples drawn according to a di! erentproposal
or samplingdistribution Q(X ).

¥ How can we do the estimation?

COMP-652 and ECSE-608, February 16, 2016 11



Regular Importance Sampling

16

Unnormalized importance sampling

¥ We do a simple trick:

EP [f ] =
!

x

f (x)P(X = x)

=
!

x

f (x)Q(X = x)
P(X = x)
Q(X = x)

= EQ

"
f

P
Q

#

¥ Only requirement: ifP(x) > 0 then Q(x) > 0
¥ So for an estimator, we should average each sample of the function,

f (xi ) weightedby the ratio of its probability under the target and the
sampling distribution:

Ep[f ] !
1
N

N!

i =1

f (xi )
P(xi )
Q(xi )

COMP-652 and ECSE-608, February 16, 2016 12



Applying IS to Policy Evaluation

! Function for which we want the expectation is the return 
! Target distribution P is the distribution of trajectories under 

target policy π 
! Proposal distribution Q is distribution of trajectories under 

behavior policy 𝜇

! Note that P and Q can be very different depending on the 
horizon!

! But there is structure in P and Q that we can exploit

17



! Probability of the rest of the trajectory, after St, under π:

! In importance sampling, each return is weighted by the relative 
probability of the trajectory under the two policies

! This is called the importance sampling ratio
! All importance sampling ratios have expected value 1

Importance Sampling Ratio

18
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that ! (a|s) > 0 implies µ(a|s) > 0. This is called the assumption ofcoverage. It
follows from coverage that µ must be stochastic in states where it is not identical
to ! . The target policy ! , on the other hand, may be deterministic, and, in fact,
this is a case of particular interest in control problems. In control, the target policy
is typically the deterministic greedy policy with respect to the current action-value
function estimate. This policy becomes a deterministic optimal policy while the
behavior policy remains stochastic and more exploratory, for example, an"-greedy
policy. In this section, however, we consider the prediction problem, in which! is
unchanging and given.

Almost all o! -policy methods utilize importance sampling, a general technique for
estimating expected values under one distribution given samples from another. We
apply importance sampling to o! -policy learning by weighting returns according to
the relative probability of their trajectories occurring under the target and behavior
policies, called theimportance-sampling ratio. Given a starting state St , the prob-
ability of the subsequent stateÐaction trajectory, At , St+1 , At+1 , . . . , ST , occurring
under any policy ! is

Pr{ At , St+1 , At+1 , . . . , ST | St , At:T ! 1 ! ! }

= ! (At |St )p(St+1 |St , At )! (At+1 |St+1 ) á á áp(ST |ST ! 1, AT ! 1)

=
T ! 1!

k= t

! (Ak |Sk)p(Sk+1 |Sk, Ak),

where p here is the state-transition probability function deÞned by (3.10). Thus,
the relative probability of the trajectory under the target and behavior policies (the
importance-sampling ratio) is

#T
t =

" T ! 1
k= t ! (Ak |Sk)p(Sk+1 |Sk, Ak)

" T ! 1
k= t µ(Ak|Sk)p(Sk+1 |Sk, Ak)

=
T ! 1!

k= t

! (Ak |Sk)
µ(Ak|Sk)

. (5.3)

Although the trajectory probabilities depend on the MDPÕs transition probabilities,
which are generally unknown, they appear identically in both the numerator and
denominator, and thus cancel. The importance sampling ratio ends up depending
only on the two policies and the sequence, not on the MDP.

Now we are ready to give a Monte Carlo algorithm that uses a batch of observed
episodes following policyµ to estimate v! (s). It is convenient here to number time
steps in a way that increases across episode boundaries. That is, if the Þrst episode
of the batch ends in a terminal state at time 100, then the next episode begins at
time t = 101. This enables us to use time-step numbers to refer to particular steps in
particular episodes. In particular, we can deÞne the set of all time steps in which state
s is visited, denotedT(s). This is for an every-visit method; for a Þrst-visit method,
T(s) would only include time steps that were Þrst visits to s within their episodes.
Also, let T(t) denote the Þrst time of termination following time t, and Gt denote the
return after t up through T(t). Then { Gt } t" T(s) are the returns that pertain to state

s, and { #T (t)
t } t " T(s) are the corresponding importance-sampling ratios. To estimate

ρt:T! 1 =
" T! 1

k= t π(Ak ! Sk)P(Sk+1! Sk, Ak)

" T! 1
k= t μ(Ak ! Sk)P(Sk+1! Sk, Ak)

=
T! 1

!
k= t

π(Ak ! Sk)

μ(Ak ! Sk)

𝔼μ [

π(Ak ! Sk

μ(Ak ! Sk) ]
= "

a

μ(a ! Sk)
π(a ! Sk)

μ(a ! Sk) "
a

π(a ! Sk) = 1



Per-reward Importance Sampling
! Another way of reducing variance, even if 𝜸 = 1

! Uses the fact that the return is a sum of rewards

! where
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! T
t Rt + k =

" (At |St )
µ(At |St )

" (At +1 |St +1 )
µ(At +1 |St +1 )

á á á
" (At + k |St + k )
µ(At + k |St + k )

á á á
" (AT ! 1|ST ! 1)
µ(AT ! 1|ST ! 1)

Rt + k

! T
t Gt = ! T

t Rt +1 + "! T
t Rt +2 + á á á+ " k ! 1! T

t Rt + k + á á á+ " T ! t ! 1! T
t RT



! Another way of reducing variance, even if 𝜸 = 1

! Uses the fact that the return is a sum of rewards

! where

! Per-reward ordinary IS:

Per-reward Importance Sampling
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! t :T ! 1Rt + k =
" (At |St )
b(At |St )

" (At +1 |St +1 )
b(At +1 |St +1 )

á á á
" (At + k |St + k )
b(At + k |St + k )

á á á
" (AT ! 1|ST ! 1)
b(AT ! 1|ST ! 1)

Rt + k .

! "# $
÷Gt

!

! t :T ! 1Gt = ! t :T ! 1Rt +1 + á á á+ " k ! 1! t :T ! 1Rt + k + á á á+ " T ! t ! 1! t :T ! 1RT

!
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reduce variance even in the absence of discounting (that is, even if! = 1). In the
o! -policy estimators (5.4) and (5.5), each term of the sum in the numerator is itself
a sum:

" t :T ! 1Gt = " t :T ! 1
!
Rt+1 + ! Rt+2 + á á á+ ! T ! t ! 1RT

"

= " t:T ! 1Rt+1 + !" t :T ! 1Rt+2 + á á á+ ! T ! t ! 1" t :T ! 1RT . (5.10)

The o! -policy estimators rely on the expected values of these terms; let us see if we
can write them in a simpler way. Note that each sub-term of (5.10) is a product of
a random reward and a random importance-sampling ratio. For example, the Þrst
sub-term can be written, using (5.3), as

" t :T ! 1Rt+1 =
#(At |St )
b(At |St )

#(At+1 |St+1 )
b(At+1 |St+1 )

#(At+2 |St+2 )
b(At+2 |St+2 )

á á á
#(AT ! 1|ST ! 1)
b(AT ! 1|ST ! 1)

Rt+1 .

Now notice that, of all these factors, only the Þrst and the last (the reward) are
correlated; all the other ratios are independent random variables whose expected
value is one:

E
#

#(Ak|Sk)
b(Ak|Sk)

$
.=

%

a

b(a|Sk)
#(a|Sk)
b(a|Sk)

=
%

a

#(a|Sk) = 1 . (5.11)

Thus, because the expectation of the product of independent random variables is the
product of their expectations, all the ratios except the Þrst drop out in expectation,
leaving just

E[" t :T ! 1Rt+1 ] = E[" t :t Rt+1 ] .

If we repeat this analysis for thekth term of (5.10), we get

E[" t :T ! 1Rt+ k ] = E[" t :t+ k! 1Rt+ k ] .

It follows then that the expectation of our original term (5.10) can be written

E[" t :T ! 1Gt ] = E
&

÷Gt

'
,

where

÷Gt = " t:t Rt+1 + !" t :t+1 Rt+2 + ! 2" t :t+2 Rt+3 + á á á+ ! T ! t ! 1" t :T ! 1RT .

We call this idea per-reward importance sampling. It follows immediately that there
is an alternate importance-sampling estimator, with the same unbiased expectation
as the ordinary-importance-sampling estimator (5.4), using ÷Gt :

V (s) .=

(
t" T(s)

÷Gt

|T(s)|
, (5.12)

which we might expect to sometimes be of lower variance.

Is there a per-reward version ofweighted importance sampling? This is less clear.
So far, all the estimators that have been proposed for this that we know of are not
consistent (that is, they do not converge to the true value with inÞnite data).

#Exercise 5.9 Modify the algorithm for o ! -policy Monte Carlo control (page 115)
to use the idea of the truncated weighted-average estimator (5.9). Note that you will
Þrst need to convert this equation to action values. !

E[! t :T ! 1Gt ] = E
!
! t :t Rt +1 + á á á+ " k ! 1! t :t + k ! 1Rt + k + á á á+ " T ! t ! 1! t :T ! 1RT

"
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Implementation

! Importance sampling ratios fold into the eligibility trace
! Multiply at each step by an extra factor
! But on long trajectories traces will get cut a lot!
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Algorithm
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c.f. Precup et. al., 2000
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Recall: Q-Learning is Off-Policy TD Control

6.5. Q-LEARNING: OFF-POLICY TD CONTROL 139

6.5 Q-learning: O↵-Policy TD Control

One of the most important breakthroughs in reinforcement learning was the devel-
opment of an o↵-policy TD control algorithm known as Q-learning (Watkins, 1989).
Its simplest form, one-step Q-learning , is defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a
Q(St+1, a)�Q(St, At)

i
. (6.6)

In this case, the learned action-value function, Q, directly approximates q⇤, the op-
timal action-value function, independent of the policy being followed. This dramat-
ically simplifies the analysis of the algorithm and enabled early convergence proofs.
The policy still has an e↵ect in that it determines which state–action pairs are visited
and updated. However, all that is required for correct convergence is that all pairs
continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to find optimal behavior in the general case
must require it. Under this assumption and a variant of the usual stochastic approx-
imation conditions on the sequence of step-size parameters, Q has been shown to
converge with probability 1 to q⇤. The Q-learning algorithm is shown in procedural
form in Figure 6.10.

What is the backup diagram for Q-learning? The rule (6.6) updates a state–action
pair, so the top node, the root of the backup, must be a small, filled action node.
The backup is also from action nodes, maximizing over all those actions possible in
the next state. Thus the bottom nodes of the backup diagram should be all these
action nodes. Finally, remember that we indicate taking the maximum of these “next
action” nodes with an arc across them (Figure 3.7). Can you guess now what the
diagram is? If so, please do make a guess before turning to the answer in Figure 6.12.

Initialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

Choose A from S using policy derived from Q (e.g., ✏-greedy)
Take action A, observe R, S0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0, a)�Q(S, A)

⇤

S  S0;
until S is terminal

Figure 6.10: Q-learning: An o↵-policy TD control algorithm.

One-step Q-learning:
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Figure 6.5: The cli↵-walking task. The results are from a single run, but smoothed by
averaging the reward sums from 10 successive episodes.

The lower part of Figure 6.5 shows the performance of the Sarsa and Q-learning
methods with "-greedy action selection, " = 0.1. After an initial transient, Q-learning
learns values for the optimal policy, that which travels right along the edge of the
cli↵. Unfortunately, this results in its occasionally falling o↵ the cli↵ because of
the "-greedy action selection. Sarsa, on the other hand, takes the action selection
into account and learns the longer but safer path through the upper part of the
grid. Although Q-learning actually learns the values of the optimal policy, its on-
line performance is worse than that of Sarsa, which learns the roundabout policy.
Of course, if " were gradually reduced, then both methods would asymptotically
converge to the optimal policy.

Exercise 6.9 Why is Q-learning considered an o↵-policy control method?

Q-learning Expected Sarsa

Figure 6.6: The backup diagrams for Q-learning and expected Sarsa.
Behavior is randomized, but we are evaluating the greedy policy



Q( ) (Watkins’s version)λ
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! Eligibility traces for Q-learning, but the trace is cut-off when the 
first non-greedy action is taken



Tree Backup

25

! Off-policy learning without Importance Sampling!



Tree Backup
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! Off-policy learning without Importance Sampling!



Tree Backup( )λ
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Tree Backup
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Q-learning with Eligibility Traces
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Blueprint Off-policy Q-Algorithms
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Retrace (Munos et al, 2016)
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Retrace in Atari
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Off-policy is much harder with Function Approximation

! Even linear FA
! Even for prediction (two fixed policies π and 𝜇 )

! Even for Dynamic Programming
! The deadly triad: FA, TD, off-policy

! Any two are OK, but not all three
! With all three, we may get instability 

(elements of 𝜽 may increase to ±∞)
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Two Off-Policy Learning Problems 

! The easy problem is that of off-policy targets (future)
! Use importance sampling in the target

! The hard problem is that of the distribution of states to update 
(present): we are no longer updating according to the on-policy 
distribution

34



TD(0) can diverge: A simple example
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TD update:

TD fixed point:

! 2!
r=1

! = r + "#! $" ! #! $

= 0 + 2 # ! #

= #

! ! = "#$

= "!

! ! = 0

Diverges!



Baird’s counterexample
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11.2. BAIRDÕS COUNTEREXAMPLE 245
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Figure 11.2: Demonstration of instability on BairdÕs counterexample. The step size was
! = 0 .001, and the initial weights were! = (1 , 1, 1, 1, 1, 1, 10, 1)! .

In this case, there is no randomness and no asynchrony. Each state is updated exactly
once per sweep as in a classical DP backup. The method is entirely conventional
except in its use of semi-gradient function approximation. Yet still the system is
unstable, as is also shown in Figure 11.2. The same instability can occurs if semi-
gradient Q-learning is used (11.3)...

If we alter just the distribution of DP backups in BairdÕs counterexample, from
the uniform distribution to the on-policy distribution (which generally requires asyn-
chronous updating), then convergence is guaranteed to a solution with error bounded
by (9.14). This example is striking because the TD and DP methods used are ar-
guably the simplest and best-understood bootstrapping methods, and the linear,
semi-descent method used is arguably the simplest and best-understood kind of
function approximation. The example shows that even the simplest combination
of bootstrapping and function approximation can be unstable if the backups are not
done according to the on-policy distribution.

There are also counterexamples similar to BairdÕs showing divergence for Q-learning.
This is cause for concern because otherwise Q-learning has the best convergence
guarantees of all control methods. Considerable e! ort has gone into trying to Þnd
a remedy to this problem or to obtain some weaker, but still workable, guarantee.
For example, it may be possible to guarantee convergence of Q-learning as long as
the behavior policy (the policy used to select actions) is su" ciently close to the esti-
mation policy (the policy used in GPI), for example, when it is the "-greedy policy.
To the best of our knowledge, Q-learning has never been found to diverge in this
case, but there has been no theoretical analysis. In the rest of this section we present
several other ideas that have been explored.

Suppose that instead of taking just a step toward the expected one-step return on
each iteration, as in BairdÕs counterexample, we actually change the value function
all the way to the best, least-squares approximation. Would this solve the instability
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For example, it may be possible to guarantee convergence of Q-learning as long as
the behavior policy (the policy used to select actions) is su" ciently close to the esti-
mation policy (the policy used in GPI), for example, when it is the "-greedy policy.
To the best of our knowledge, Q-learning has never been found to diverge in this
case, but there has been no theoretical analysis. In the rest of this section we present
several other ideas that have been explored.

Suppose that instead of taking just a step toward the expected one-step return on
each iteration, as in BairdÕs counterexample, we actually change the value function
all the way to the best, least-squares approximation. Would this solve the instability
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Figure 11.1: BairdÕs counterexample. The approximate state-value function for this Markov
process is of the form shown by the linear expressions inside each state. Thesolid action
usually results in the seventh state, and thedashedaction usually results in one of the other
six states, each with equal probability. The episode terminates on all transitions with 1%
probability, much like a ! = 0 .99 discount rate. The reward is always zero.

state, ending the episode. (This is similar to a discount rate of 99%.) The behavior
policy µ takes the two actions with probabilities 6/7 and 1/7, so that the next-state
distribution under it is uniform (the same for all nonterminal states), which is also
the starting distribution for each episode. The target policy " always takes the solid
action, and so the on-policy distribution is concentrated in the seventh state. The
reward is zero on all transitions.

Consider estimating the state-value under the linear parameterization indicated
by the expression shown in each state circle. For example, the estimated value of
the Þrst state is 2#1 + #8, where the subscript corresponds to the component of the
overall weight vector ! ; this corresponds to a feature vector for the Þrst state being
" (1) = (2 , 0, 0, 0, 0, 0, 0, 1)! . The reward is zero on all transitions, so the true value
function is v! (s) = 0, for all s, which can be exactly approximated if ! = 0. In fact,
there are many solutions, as there are more components to the weight vector (8) than
there are nonterminal states (7). Moreover, the set of feature vectors,{ " (s) : s ! S} ,
corresponding to this function is a linearly independent set. In all ways, this task
seems a favorable case for linear function approximation.

If we apply semi-gradient TD(0) to this problem (11.2), then the weights diverge
to inÞnity, as shown in Figure 11.2. The instability occurs for any positive step size,
no matter how small. In fact, it even occurs if we do a DP-style expected backup
instead of a learning backup. That is, if the weight vector, ! k , is updated in sweeps
through the state space, performing a synchronous, semi-gradient backup at every
state, s, using the DP (full backup) target:

! k+1
.= ! k + $

!

s

"
E[Rt+1 + ! övk(St+1 ) | St = s] " övk(s)

#
# övk(s).
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What causes the instability?

! It has nothing to do with learning or sampling
! Even dynamic programming suffers from divergence with 

FA
! It has nothing to do with exploration, greedification, or control

! Even prediction alone can diverge
! It has nothing to do with local minima 

 or complex non-linear approximators
! Even simple linear approximators can produce instability 
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The deadly triad

! The risk of divergence arises whenever we combine three things:
! Function approximation

! significantly generalizing from large numbers of examples
! Bootstrapping

! learning value estimates from other value estimates,  
as in dynamic programming and temporal-difference learning

! Off-policy learning
! learning about a policy from data not due to that policy,  

as in Q-learning, where we learn about the greedy policy from 
data with a necessarily more exploratory policy
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How to survive the deadly triad

! Least-squares methods like off-policy LSTD(λ) (Yu 2010, 
Mahmood et al. 2015, Bradtke & Barto 1996, Boyan 2000) 
computational costs scale with the square of the number of 
parameters

! True-gradient RL methods (Gradient-TD and proximal-gradient-
TD)  (Maei et al, 2011, Mahadevan et al, 2015) 

! Emphatic-TD methods (Sutton, White & Mahmood 2015, Yu 
2015). These semi-gradient methods attain stability through an 
extension of the early on-policy theorems
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