Eligibility Trace + TD(A)
&
Start of Model-based



The off-line A-return “algorithm”

@ Wait until the end of the episode (offline)

0r11 = 0, + |G - G(St, At, 0) | V(Sp, At, 0;), t=0,....T—1



The A-return alg performs similarly to

n-step TD methods

Off-line A-return algorithm (from Chapter 7)
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Intermediate A is best (just like intermediate n is best)
A-return slightly better than n-step



The forward view looks forward from the state
being updated to future states and rewards

il




The backward view looks back
to the recently visited states (marked by eligibility
traces)

@ Shout the TD error backwards

@ The traces fade with temporal distance
by YA



The A-return is a compound update target

@ The A-return a target that

averages all n-step targets (If
O
1-A

@ each weighted by
An-1
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TD(A)’s A

Updates:

g N1 ¥ l—/\N
Useful Identities: ;)\ e
= 1— AN
\ (‘-")(ZA*)HN=(1—A)1_A +AN =1
k=0

~

_J

Definition: 6y := Ry ) + vQ(Ag.y, Spp1) — Q( Ay, Si)

A} := G} — Q(A,,S,)

Tabular: Qw145 8) = Ou(AL, S) + (I'A;1

Function Approx:

0.1 =0, +aA?V,0(A, S, 0)



DG’ & W

Definition: &, := Ry +vQ(Ap. 1. Spiq1) — QAL Sy)

A} =G} —Q(A,.S,) = —Q(A,.5)+



TD(A)’s A

Definition: &, := Ry +vQ(Ap. 1. Spiq1) — QAL Sy)

Ai\ = GlA - Q(Ausc) = _Q(Au Sz)"‘ (l - A)x) (R¢+1 + '7Q(A¢+v SH-I))



TD(A)’s A

Definition: &, := Ry +vQ(Ap. 1. Spiq1) — QAL Sy)

Ai\ = GlA - Q(Ausc) = _Q(Au Sz)"‘ (l - A)x) (R¢+1 + '7Q(A¢+v SH-I))
+ (1= XA (Rysq + YRepa + 7 Q(Ayy2, Siy2))
+



TD(A)’s A

A;\ — G;\ —Q(A,,S,) =—Q(A,,S,)+
+

+ + +

Definition: 8y := Ryy1 + ¥Q(Ag+1, Sgi1) — Q(A, Si)
(1=X)A (R +7Q(As 15 Sii1))

(1= XA (R +7Ri2 + 7 Q( A2, Sii2))

(1- A)A? (Re+1 + R, + 72R¢+3 + 'YSQ(AH-:N S¢+3))

ATH(Ryy + YRy + 9T Ry)




TD(L)’s A

Definition: &, := Ry +vQ(Ap. 1. Spiq1) — QAL Sy)

A} =G} —Q(A,8,) = —Q(A,,S,)+ (1= X)X (Ryyy +7Q(Aps1, S001))
+ (1= M)A (Reyy + vRys2 + Y2 Q(Aps2, Se42))
+ (1 - '\)’\2 (RH-I + 7Rt+2 + ’72R¢+3 + 73Q(Ac+3’ Sz+3))
+ e
+ AR, L+ YR+ o+ TRy

=—Q(A,,S)+



TD(A)’s A

A;\ = G? - Q(An Sz) = —Q(Ausz)"'
+

o

=—Q(A,,S)+

Definition: &, := Ry +vQ(Ap. 1. Spiq1) — QAL Sy)

(1 - )‘)'\0 (RI+1 + 'YQ(AH-l’ Sz+1))
(1= M)A (Reyy + vRys2 + Y2 Q(Aps2, Se42))
(1 - '\)’\2 (RH-I + 7Rt+2 + ’72R¢+3 + 73Q(Ac+3’ Sz+3))

ARy + Ry + o+ Ry)

(Y (Rygy +7Q(Ap1s Sp) = MAQ(A 1, Sp40))



TD(A)’s A

A;\ = G? - Q(Au Sz) = —Q(Ausz)+
+

o

=—Q(A,,S)+
.

Definition: 6, := Ry +vQ(Ap. 1. Skiq) — Q(AL, Sy)

(1=NA (R, +7Q(Ays15S011))
(1= M)A (Reyy + vRys2 + Y2 Q(Aps2, Se42))
(1 - A)’\z (Rt+1 + 7R¢+2 + ’72Re+3 + 73Q(A¢+3’ Sz+3))

ARy + Ry + o+ Ry)

(yA)° (Rl+l +1Q(Apy, Spy) —YAQ(A, Ly, S¢+1))
(')"\)l (Rz+2 +YQ(Apia, Spin) — YAQ(A,.2, S¢+2))




TD(A)’s A

A;\ = G? - Q(Au Se) = —Q(Ausz)+
+

+ + +

—Q(A,, S)+

+ +

Definition: 6, := Ry +vQ(Ap. 1. Skiq) — Q(AL, Sy)

(1=X)A (R +7Q(A 15 S0iy))
(1= XA (Ryyy + YRy + 7 Q( A2, Sii2))
(L=XNA2 (R + 7Ry + VR s + Y Q(A,15, S143))

NP (R 41 Rpy + 47 Ry)
(yA)° (Rl+l +7Q(A1:81y) —AQ(A,L s S¢+1))

(YA (Rpya + 1Q(Aps2, Siia) — YAQ(Ays2, Spyia))
(YA (Ryy 5 +7YQ(Ar 3, S0es) — 7AQ(A5, 84 5))




TD(A)’s A

A;\ = G? - Q(Au Se) = —Q(Ausz)+
+

+ + +

—Q(A,, S)+

+ + + +

Definition: 6, := Ry +vQ(Ap. 1. Skiq) — Q(AL, Sy)

(1=X)A (R +7Q(A 15 S0iy))
(1= XA (Ryyy + YRy + 7 Q( A2, Sii2))
(L=XNA2 (R + 7Ry + VR s + Y Q(A,15, S143))

NP (R 41 Rpy + 47 Ry)
(yA)° (Rl+l +7Q(A1:81y) —AQ(A,L s S¢+1))
(YA (Rpya + 1Q(Aps2, Siia) — YAQ(Ays2, Spyia))
(YA (Ryy 5 +7YQ(Ar 3, S0es) — 7AQ(A5, 84 5))

(vAT 1 (Ry)




TD(A)’s A

A} =G} — Q(A,,S,) = —Q(A,, S)+
.

+ + +

_Q(A¢ ? Sz )+

+ + + +

+ + + +

Definition: 8 := Ry +vQ(Ap.y. Spiq) — Q(AL, Sy)

(1=XA (R, +7Q(A,.y, Sz+1))I
(1= XA (Ryyy + 7Rz + Y2 Q(Apa, Se+2))|
(1 - A)Az (R£+l + 7Rf+2 + ‘Y2R¢+3 + 730(A¢+3’ Sﬁ+3))

1

AT (R + R+ Y Ry)

(yA)° (Rl+l +7Q(A1:81y) —AQ(A,L s S¢+1))|
(YA (Rys2 + 1Q(Aps2, Siea) — YAQ(A,, S¢+2))|
(7’\)2 (Rl+3 +YQ(A 13, Sp23) — YAQ(A, 3, Se+3))

(T (Ry)

(7’\)0 (Ru-l + 'YQ(AHI’ Sz+1) - Q(Au Se))|
('T/\)l (R¢+2 +7Q(Ags2, Spia) — QA S¢+1))|
('7"\)2 (R¢+3 + 7Q(At+3’ Spia) — Q(Auz’ S¢+2))

N
(YT Ry — Q(Ap_y, ST—I).I



TD(A)’s A

A} =G} — Q(A,,S,) = —Q(A,, S)+
.

+ + +

_Q(A¢ ? Sz )+

+ + + +

+ + + +

=8¢ + YM0psr + (YA pin + ...

+ (YN 1o

Definition: 8 := Ry +vQ(Ap.y. Spiq) — Q(AL, Sy)

(1=XA (R, +7Q(A,.y, Sz+1))I
(1= XA (Ryyy + 7Rz + Y2 Q(Apa, Se+2))|
(1 - A)Az (R£+l + 7Rf+2 + ‘Y2R¢+3 + 730(A¢+3’ Sﬁ+3))

1

AT (R + R+ Y Ry)

(yA)° (Rl+l +7Q(A1:81y) —AQ(A,L s S¢+1))|
(YA (Rys2 + 1Q(Aps2, Siea) — YAQ(A,, S¢+2))|
(7’\)2 (Rl+3 +YQ(A 13, Sp23) — YAQ(A, 3, Se+3))

(T (Ry)

(7’\)0 (Ru-l + 'YQ(AHI’ Sz+1) - Q(Au Se))|
('T/\)l (R¢+2 +7Q(Ags2, Spia) — QA S¢+1))|
('7"\)2 (R¢+3 + 7Q(At+3’ Spia) — Q(Auz’ S¢+2))

(YT Ry — Q(Ap_y, ST—I).I




Forwards and Backwards TD(A)

Definition:

Op 1= Ry + YQ(Ak.q. Sk+1) — Q(Ag, Si)

"A(A = G? - Q{Au S,)
TD(A) eligibility trace discounts time since visit,

Tabular: Funct. Approx:

E.(s) = YAEi_1(s) + 1(S: = s) Ei(s) =yAEi—1  + VeQ(A, S, 0)



Forwards and Backwards TD(A)

6k = Rk+1 + 'ij(Ak-p Sk+1) - Q(Ake Sk}

Definition:
A} =G} —Q(A,,S,)
TD(A) eligibility trace discounts time since visit,
Tabular: Funct. Approx:
Et(S) - ’Y/\Et_]_(S) + I(St = S) Et(S) - ’}’AEt_]_ + VQQ(AI’ St, 9)

. 0 if t <k
If state sis —
visited at time k (’}'/\)t_k ift >k

then:



Forwards and Backwards TD(A)

6k = Rk+1 + 'ij(Ak-p Sk+1) - Q(Ake Sk}

Definition:
A} =G} —Q(A,,S,)
TD(A) eligibility trace discounts time since visit,
Tabular: Funct. Approx:
E:(s) = YAE:_1(s) + 1(5; = s) E:(s) =vyAEi—1  + Vo0, S, 0)
. 0 if t <k

If state sis —
visited at time k (’}'/\)t_k ift >k

then:

Backward TD(A) updates accumulate error online

T T
ZaétEt(s) = aZ('yz\)t_kdt =« (G,:\ - V(Sk))
t=1

t=k



Forwards and Backwards TD(A)

Op 1= Rypyq +7Q(Apsq, Sppr) — Q(AL, Si)

Definition:
A} =G} —Q(A,,S,)

TD(A) eligibility trace discounts time since visit,

Tabular: Funct. Approx:

E:(s) = YAEi_1(s) + 1(S5: = s) E:(s) =vAEi—1  + VoO(A, S,,0)

. 0 if t <k

If statesis —
visited at time k (’}'/\)t_k ift >k

then:

Backward TD(A) updates accumulate error online

T T
Z a(StEt(S) = Z('}’/\)t_két = (GI:\ -0(Ay, Sk))
t=1

t=k

m By end of episode it accumulates total error for A-return

m For multiple visits to s, E¢(s) accumulates many errors



Forwards and Backwards TD(A)

6k = Rk+1 + 'ij(Ak-p Sk+1) - Q(Ake Sk}

Definition:
A} =G} —Q(A,,S,)
TD(A) eligibility trace discounts time since visit,
Tabular: Funct. Approx:
Et(S) - ’Y/\Et_]_(S) + I(St = S) Et(S) - ’}’AEt_]_ + VQQ(AI’ St, 9)

vstedatimek 0 if t < k
then: 1 (N Rv,04,.8) it >k



Forwards and Backwards TD(A)

O 1= Ryppq +7Q(Apsy, Sp1) — Q(A, Si)

Definition:
A} =G} —Q(A,,S,)
TD(A) eligibility trace discounts time since visit,
Tabular: Funct. Approx:
E:(s) = YAEi_1(s) + 1(S5: = s) E:(s) =vAEi—1  + VoO(A, S,,0)
If state s is f k
visited attimet O Tt <

Backward TD(A) updates accumulate error online

T T
S adE(s) = a3 (1) 46 V404, 5, 60) = a (G,;‘ — o, Sk>) V404, 5, 6)
t=1

t=k



Forwards and Backwards TD(A)

O 1= Ryppq +7Q(Apsy, Sp1) — Q(A, Si)

Definition:
A} =G} —Q(A,,S,)
TD(A) eligibility trace discounts time since visit,
Tabular: Funct. Approx:
E:(s) = YAEi_1(s) + 1(S5: = s) E:(s) =vAEi—1  + VoO(A, S,,0)
If state s is f k
visited attimet O Tt <

Backward TD(A) updates accumulate error online

T T
S adE(s) = a3 (1) 46 V404, 5, 60) = a (G,;‘ — o, Sk>) V404, 5, 6)
t=1

t=k

m By end of episode it accumulates total error for A-return

m For multiple visits to s, E¢(s) accumulates many errors



Eligibility traces (mechanism)

@ The forward view was for theory

@ The backward view is for mechanism same shape as 0

/

€ © R™ > 0
@ New memory vector called eligibility trace

@ On each step, decay each component by
yA and increment the trace for the
current state by 1

® Accumulating trace

€o = 0,
e = VU(5:,0:) + v e 26



The Semi-gradient TD(A) algorithm

9t—|—1 = 975 + ozétet
0t = Riy1 +y0(St4+1,0¢) — 0(S:,0:)

€0 = 07
e = V0(5:,0:) + e

27



Online TD(2)

Semi-gradient TD()) for estimating ¥ ~ v,

Input: the policy = to be evaluated

Input: a differentiable function ¢ : $* x R? — R such that ©(terminal,-) = 0
Algorithm parameters: step size a > 0, trace decay rate A € [0, 1]

Initialize value-function weights w arbitrarily (e.g., w = 0)

Loop for each episode:
Initialize S
z <+ 0 (a d-dimensional vector)
Loop for each step of episode:
| Choose A ~ 7(:|S)
| Take action A, observe R, S’
| 2z yAz+ Vi(S,w)
| 6 R+~9(S"\w) — 9(S,w)
| W Wt adz
| S« 9

until S’ is terminal




TD(2) performs similarly to offline A-

Tabular 19-state random walk task

TD()) Off-line A-return algorithm

(from the previous section)
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RMS error = sk
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Can we do better? Can we update online?

29



Conclusions

» Value-function approximation by stochastic gradient descent
enables RL to be applied to arbitrarily large state spaces

« Most algorithms just carry over the targets from the tabular case
« With bootstrapping (TD), we don'’t get true gradient descent methods

* this complicates the analysis

e but the linear, on-policy case is still guaranteed convergent

e and learning is still much faster



How do we decide what to do?



How do we decide what to do?

state action

______________________ values i values
prediction U dr
control Uy g«

« Distinct from their estimates: V%(S) Qt(S, a)



How do we decide what to do?

» Emotions/Intuition @ ‘/;5 (S) Qt (37 CL)



How do we decide what to do?

» Emotions/Intuition @ ‘/;5 (8) Qt (37 CL)

- Thinking Sp1 = M(S,, AL, 0)

EEEEEEEE
RRRRRRRR

A = (S, 0)

* Reflexes/Habits _’q./



Chapter 8: Planning and Learning

Objectives of this chapter:

@ To think more generally about uses of environment models
@ Integration of (unifying) planning, learning, and execution
@ “Model-based reinforcement learning”

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction 1



Paths to a policy

M(S, A)
Model
learning,se=—
y
Environmental , Simulation Direct
Experience planning

interaction

Direct RL

methods Value

. V(S), Q(A,
‘unction (S), QA S)

Model-based RL



Why Going Beyond Model-Free RL?

e Models provide “understanding” of the world (cf physics, causality...)

e Even if some parts of the problem change, others stay the same, which
can help with faster learning

Eg. Reward may change but the layout and dynamics of thee world may
be thee same

e Models can be used to “dream” up new experiences, and use them to
update the value / policy



