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Abstract

We study the problem of estimating multiple linear
regression equations for the purpose of both pre-
diction and variable selection. Following recent
work on multi-task learning [1], we assume that
the sparsity patterns of the regression vectors are
included in the same set of small cardinality. This
assumption leads us to consider the Group Lasso
as a candidate estimation method. We show that
this estimator enjoys nice sparsity oracle inequal-
ities and variable selection properties. The results
hold under a certain restricted eigenvalue condi-
tion and a coherence condition on the design ma-
trix, which naturally extend recent work in [3, 19].
In particular, in the multi-task learning scenario, in
which the number of tasks can grow, we are able
to remove completely the effect of the number of
predictor variables in the bounds. Finally, we show
how our results can be extended to more general
noise distributions, of which we only require the
variance to be finite.!

1 Introduction

We study the problem of estimating multiple regression equa-
tions under sparsity assumptions on the underlying regres-
sion coefficients. More precisely, we consider multiple Gaus-
sian regression models,

y1.o= X181 +W
y2 = Xofi3 + W
(1.1)
yr = XrBr+ Wr
where, for each ¢ = 1,...,T, we let X; be a prescribed

n x M design matrix, §; the unknown vector of regression
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coefficients and y; an n-dimensional vector of observations.
We assume that W7y, ..., Wrp are i.i.d. zero mean random
vectors.

We are interested in estimation methods which work well
even when the number of parameters in each equation is
much larger than the number of observations, that is, M >
n. This situation may arise in many practical applications
in which the predictor variables are inherently high dimen-
sional, or it may be “costly” to observe response variables,
due to difficult experimental procedures, see, for example [1]
for a discussion.

Examples in which this estimation problem is relevant
range from multi-task learning [1, 8, 20, 24] and conjoint
analysis (see, for example, [13, 18] and references therein)
to longitudinal data analysis [10] as well as the analysis of
panel data [14, 28], among others. In particular, multi-task
learning provides a main motivation for our study. In that
setting each regression equation corresponds to a different
learning task (the classification case can be treated similarly);
in addition to the requirement that M > n, we also allow
for the number of tasks 7' to be much larger than n. Follow-
ing [1] we assume that there are only few common impor-
tant variables which are shared by the tasks. A general goal
of this paper is to study the implications of this assumption
from a statistical learning view point, in particular, to quan-
tify the advantage provided by the large number of tasks to
learn the underlying vectors 37, ..., 3} as well as to select
common variables shared by the tasks.

Our study pertains and draws substantial ideas from the
recently developed area of compressed sensing and sparse
estimation (or sparse recovery), see [3, 7, 11] and references
therein. A central problem studied therein is that of estimat-
ing the parameters of a (single) Gaussian regression model.
Here, the term “sparse” means that most of the components
of the underlying M -dimensional regression vector are equal
to zero. A main motivation for sparse estimation comes from
the observation that in many practical applications M is much
larger than the number n of observations but the underly-
ing model is sparse, see [7, 11] and references therein. Un-



der this circumstance ordinary least squares will not work.
A more appropriate method for sparse estimation is the ;-
norm penalized least squares method, which is commonly
referred to as the Lasso method. In fact, it has been re-
cently shown by different authors, under different conditions
on the design matrix, that the Lasso satisfies sparsity oracle
inequalities, see [3, 5, 6, 26] and references therein. Closest
to our study in this paper is [3], which relies upon a Re-
stricted Eigenvalue (RE) assumption. The results of these
works make it possible to estimate the parameter 3 even in
the so-called “p much larger than n” regime (in our notation,
the number of predictor variables p corresponds to MT).

In this paper, we assume that the vectors 37, ..., 8} are
not only sparse but also have their sparsity patterns included
in the same set of small cardinality s. In other words, the
response variable associated with each equation in (1.1) de-
pends only on some members of a small subset of the corre-
sponding predictor variables, which is preserved across the
different equations. This assumption, that we further refer
to as structured sparsity assumption, is motivated by some
recent work on multi-task learning [1]. It naturally leads
to an extension of the Lasso method, the so-called Group
Lasso [29], in which the error term is the average residual
error across the different equations and the penalty term is
a mixed (2, 1)-norm. The structured sparsity assumption in-
duces a relation between the responses and, as we shall see,
can be used to improve estimation.

The paper is organized as follows. In Section 2 we de-
fine the estimation method and comment on previous related
work. In Section 3 we study the oracle properties of this
estimator when the errors W, are Gaussian. Our main re-
sults concern upper bounds on the prediction error and the
distance between the estimator and the true regression vec-
tor 3*. Specifically, Theorem 3.3 establishes that under the
above structured sparsity assumption on 3*, the prediction
error is essentially of the order of s/n. In particular, in the
multi-task learning scenario, in which 7' can grow, we are
able to remove completely the effect of the number of pre-
dictor variables in the bounds. Next, in Section 4, under
a stronger condition on the design matrices, we describe a
simple modification of our method and show that it selects
the correct sparsity pattern with an overwhelming probabil-
ity (Theorem 4.3). We also find the rates of convergence
of the estimators for mixed (2, 1)-norms with 1 < p < oo
(Corollary 4.4). The techniques of proofs build upon and ex-
tend those of [3] and [19]. Finally, in Section 5 we discuss
how our results can be extended to more general noise distri-
butions, of which we only require the variance to be finite.

2 Method and related work

In this section we first introduce some notation and then de-
scribe the estimation method which we analyze in the paper.
As stated above, our goal is to estimate 7' linear regression
functions identified by the parameters 37,..., 35 € RM.
We may write the model (1.1) in compact notation as

y=XB +W @.1)

where y and W are the nT'-dimensional random vectors formed
by stacking the vectors y1, . . ., yr and the vectors W1, . ..
respectively. Likewise 3* denotes the vector obtained by
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stacking the regression vectors 37,..., 3. Unless other-
wise specified, all vectors are meant to be column vectors.
Thus, for every t € Ny, we write y; = (yg; : @ € Nn)T and
W; = (Wy =i € N,,) T, where, hereafter, for every positive
integer k, we let Ny, be the set of integers from 1 and up to k.
The nT' x MT block diagonal design matrix X has its ¢-th
block formed by the n x M matrix X;. We let z,,..., z/,
be the row vectors forming X; and (xy;); the j-th component
of the vector x4;. Throughout the paper we assume that xy;
are deterministic.

For every 8 € RMT we introduce (8)) = 37 = (B, :
t € N7) T, that is, the vector formed by the coefficients cor-
responding to the j-th variable. For every 1 < p < oo we
define the mixed (2, p)-norm of [ as

5\ 7 M
len = (3 (Z%) (oo
j=1

J=1

S

and the (2, co)-norm of (3 as

J
= max 5],

where || - || is the standard Euclidean norm.

If J C Ny welet B; € RMT be the vector formed
by stacking the vectors (871{j € J} : j € Nys), where
I{-} denotes the indicator function. Finally we set J(3) =
{j: 87 #0, j € Ny}and M(B) = |J(B)| where |J|
denotes the cardinality of set J C {1,..., M}. The set J(53)
contains the indices of the relevant variables shared by the
vectors 31, . . ., O and the number M () quantifies the level
of structured sparsity across those vectors.

We have now accumulated the sufficient information to
introduce the estimation method. We define the empirical
residual error

T n
B) = oSS by = X5~y

t=1 1=1

and, for every A > 0, we let our estimator B be a solution of
the optimization problem [1]

min S(6) + 271121 22)

In order to study the statistical properties of this estima-
tor, it is useful to derive the optimality condition for a so-
lution of the problem (2.2). Since the objective function in
(2.2) is convex, B is a solution of (2.2) if and only if 0 (the
MT-dimensional zero vector) belongs to the subdifferential
of the objective function. In turn, this condition is equivalent
to the requirement that

~V5(5) €200 Z 16711 )
j=1
where 0 denotes the subdifferential (see, for example, [4] for
more information on convex analysis). Note that
M
o> 1]

j=1
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Thus, B is a solution of (2.2) if and only if

L (xTty— xpy =2

=A\——, ifF£0 (23)
nT 167l

LI -XBYI<A i =0 @4
nT

We now comment on previous related work. Our esti-
mator is a special case of the Group Lasso estimator [29].
Several papers analyzing statistical properties of the Group
Lasso appeared quite recently [2, 9, 15, 17, 21, 22, 23, 25].
Most of them are focused on the Group Lasso for additive
models [15, 17, 22, 25] or generalized linear models [21].
Special choice of groups is studied in [9]. Discussion of
the Group Lasso in a relatively general setting is given by
Bach [2] and Nardi and Rinaldo [23]. Bach [2] assumes
that the predictors xy; are random with a positive definite
covariance matrix and proves results on consistent selection
of sparsity pattern J(3*) when the dimension of the model
(p = MT in our case) is fixed and n — oo. Nardi and
Rinaldo [23] consider a setting that covers ours and address
the issue of sparsity oracle inequalities in the spirit of [3].
However, their bounds are too coarse (see comments in Sec-
tion 3 below). Obozinski et al. [25] consider the case where
all the matrices X; are the same and all their rows are inde-
pendent Gaussian random vectors with the same covariance
matrix. They show that the resulting estimator achieves con-
sistent selection of the sparsity pattern and that there may
be some improvement with respect to the usual Lasso. Ex-
cept for this very particular example, theoretical advantages
of the group Lasso as compared to the usual Lasso were not
featured in the literature. Note also that Obozinski et al. [25]
focused on the consistent selection, whereas it remained un-
clear whether there is some improvement in the prediction
properties as compared to the usual Lasso.

One of the aims of this paper is to show that such an im-
provement does exist. In particular, our Theorem 3.3 implies
that the prediction bound for the Group Lasso estimator that
we use here is better than for the standard Lasso under the
same assumptions. Furthermore, we demonstrate that as the
number of tasks T increases the dependence of the bound on
M disappears, provided that M grows at the rate slower than
exp(VT).

Finally, we note that we recently came across the work
[16], whose results are similar to those in Section 3 below.

3 Sparsity oracle inequality

Let 1 < s < M be an integer that gives an upper bound on
the structured sparsity M (8*) of the true regression vector
(*. We make the following assumption.

Assumption 3.1 There exists a positive number k. = k(s)
such that

uin { XL

J| < s,A € RMT\ {0},
vama,g M MO

1A el < 3||AJ||2,1} >k

where J¢ denotes the complement of the set of indices J.

To emphasize the dependency of Assumption 3.1 on s,
we will sometimes refer to it as Assumption RE(s). This
is a natural extension to our setting of the Restricted Eigen-
value assumption for the usual Lasso and Dantzig selector
from [3]. The ¢; norms are now replaced by the mixed
(2,1)-norms. Note that, however, the analogy is not com-
plete. In fact, the sample size n in the usual Lasso setting
corresponds to n7" in our case, whereas in Assumption 3.1
we consider \/ATXTXA/n and not \/ATXTXA/(nT).
This is done in order to have a correct normalization of x
without compulsory dependence on T (if we use the term
VATXTXA/(nT) in Assumption 3.1, then k ~ T~1/2
even in the case of the identity matrix X " X /n).

Several simple sufficient conditions for Assumption 3.1
with T' = 1 are given in [3]. Similar sufficient conditions
can be stated in our more general setting. For example, it
is enough to suppose that each of the matrices X,” X;/n is
positive definite or satisfies a Restricted Isometry condition
as in [7] or the coherence condition (cf. Lemma 4.2 below).

Lemma 3.2 Consider the model (1.1) for M > 2and'T',n >
1. Assume that the random vectors Wy, ..., Wr are i.i.d.
Gaussian with zero mean and covariance matrix 021, ., all

diagonal elements of the matrix X " X /n are equal to 1 and
M(B*) < s. Let

1/2
5= 20 <1+AlogM> 7

vnT \/T
where A > 8 and let ¢ = min(8log M, AN/T/8). Then with

probability at least 1 — M=, for any solution B of problem
(2.2) and all B € RMT we have

X3 = )7 + NI~ Bl < G.1)
1
< IX@ =B+ Y0 15 - F,

JEJI(B)
L max |(XTX(E - )] < A (32)
nT 1< <M -2 ’
A 4¢m1x
M(B) < 35 251X (B = 917, (3.3)

where puax is the maximum eigenvalue of the matrix X ™ X /n.

Proof: For all 3 € RMT we have

7||Xﬂ vl +2AZ|W | < 7||Xﬂ yll +2AZIWII

Jj=1

which, using y = X 3* 4+ W, is equivalent to

1 ~ 1
X5 - 5P < X5 - 5P

2 R M ] N
+oEWIX(B - 0) + %;l (187 = 1187]))- (3.4

By Holder’s inequality, we have that

TX(B-B) <X W20/l = Bll2a



where

T n 2
| XTW|l2,00 = max Z (Z Ts) Wm-) )

t=1

Consider the random event

1 A
= —|IXTW|20 < =p.
A= { I Wl < 5}

Since we assume all diagonal elements of the matrix X ™ X /n
to be equal to 1, the random variables

1 n
Vij = on ;(mti)thia

t=1,...,T, are i.i.d. standard Gaussian. Using this fact
we can write, forany j =1,..., M,

(& ’ A2(nT)?
Pri>] (Z(fﬂti)thi> Z—

t=1 \i=1

AN2nT?
=Pr (X?p > 102 )

=Pr (XQT ZT—G—A\/TlogM),

where xZ is a chi-square random variable with T degrees of
freedom. We now apply Lemma A.1, the union bound and
the fact that A > 8 to get

Alog M
mi
8

Pr(A°) < M exp (- n (\/T,Alog M))

< Ma.

It follows from (3.4) that, on the event A.

1 . Mo ,
=X (3 =5 + Ag 157 =Bl <

1 Mo . _ N
—SIX (B =817+ 22> (167 = #71 + 1671 = 1871)

j=1
1
< IX(B =8P +4x D0 18 - 5,
Jj€J(B)

which coincides with (3.1). To prove (3.2), we use the in-
equality

— max (X7 (y -

nT 1<;<M

which follows from (2.3) and (2.4). Then,
1 - .
— (X (X(B—B%)))| <
T (X5 - )] <

1o S T
T (X = )+ = (XTW

XB)YII < A, (3.5)

where we have used y = X §* + W and the triangle inequal-
ity. The result then follows by combining the last inequality
with inequality (3.5) and using the definition of the event .A.

Finally, we prove (3.3). First, observe that, on the event

A7
1 . . A .
—[(XTX(B—-B%))| > =, ifp’ .
IXTX@G -2 5, i F #0
This fact follows from (2.3), (2.1) and the definition of the
event A. The following chain yields the result:
R 4 R 4
M < - XTX _ *\\J 2
B) < sapE 2 IXXG-5YI

J€I(B)

4 M
T % *\\J |2
< e 2 XX -
_ 4 T 2 *\ (12
= S X XG0
4¢max o *
§ )\gnTQHX(ﬂ*ﬁ )”2,

where, in the last line we have used the fact that the eigen-
values of X " X /n are bounded from above by ®,. |

We are now ready to state the main result of this section.

Theorem 3.3 Consider the model (1.1) for M > 2andT,n >
1. Assume that the random vectors W1, ..., W are i.i.d.
Gaussian with zero mean and covariance matrix o1, xn,
all diagonal elements of the matrix X" X /n are equal to 1
and M (3*) < s. Furthermore let Assumption 3.1 hold with
k = K(8) and let Py ax be the largest eigenvalue of the matrix

X" X/n. Let
2 Alog M\
A - g (1 + Og ) )
vnT \/T
where A > 8 and let ¢ = min(8log M, A\/T/8). Then with

probability at least 1 — M =9, for any solution B of problem
(2.2) we have

1 ~ e . 6407 s Alog M
G- < 852 (14 2% G
1 - " 320 s Alog M
fﬁﬂﬁ—ﬁ 21 < R 1+T (3.7)
A 64 max
M(B) < i? s. (3.8)

If, in addition, Assumption RE(2s) holds, then with the same
probability for any solution (3 of problem (2.2) we have

1 2 o S\ﬁa AlogM
ﬁ”ﬁ B < \/ (3.9)

Proof: We act similarly to the proof of Theorem 6.2 in [3].
Let J = J(6*) = {j : (5*)? # 0}. By inequality (3.1) with
3 = (3* we have, on the event A, that

1 A u )
ﬁllX(B—ﬂ*)\lz < 4AZ 167 — B

JjeJ
A8 -84l (3.10)

Moreover by the same inequality, on the event A, we have
M A N i S
St 187 = B < 43¢, 187 — 5], which implies

IN



that 33;c . |67 = 57| < 3335, 18 — 8] Thus, by
Assumption 3.1

165 - 51 < PEEZ2N,

Now, (3.6) follows from (3.10) and (3.11). Inequality (3.7)
follows again by noting that

@3.11)

M
SN -8 <aS 1B 89 < 4VEIB - 5]
j=1

jeJ

and then using (3.6). Inequality (3.8) follows from (3.3) and
(3.6).

Finally, we prove (3.9). Let A = 3— 3* and let J' be the
set of indices in J¢ corresponding to s maximal in absolute
value norms ||A7||. Consider the set Jos = J U J’. Note that

|J2s| < 2s. Let ||Afﬁ)|\ denote the k-th largest norm in the
set {||A7]| : j € J}. Then, clearly,

. _
A < ST AT/ = (A gell21/k.
jeJe

This and the fact that |A je||2,1 < 3||As]|2,1 on the event A

implies
o 1A]l3,

PO P

JEJTS, k=s+1
1831 _ 9llAIIE,

S - S
9 lIATP <9 Y A7),

JjeJ j€J2s

IN

IN

Therefore, on A we have
AP <10 Y [|AT]? = 10[|A,, | (3.12)
Jj€J2s
and also from (3.10):

1
—SIXAI? <4AV5| A, |l (3.13)

In addition,

Ajella1 < 3]|Ay||2,1 easily implies that
[FAWENIPRIRSE | FAWAN PRE

Combining (3.13) with Assumption RE(2s) we find that on
the event A it holds that

AN/sT
A < —.
H Jasll = HQ(QS)
This inequality and (3.12) yield (3.9). |

Theorem 3.3 is valid for any fixed n, M, T'; the approach
is non-asymptotic. Some relations between these parameters
are relevant in the particular applications and various asymp-
totics can be derived as corollaries. For example, in multi-
task learning it is natural to assume that 7' > n, and the mo-
tivation for our approach is the strongest if also M > n. The
bounds of Theorem 3.3 are meaningful if the sparsity index s
is small as compared to the sample size n and the logarithm

of the dimension log M is not too large as compared to /7.

Note also that the values 7" and v/7 in the denominators
of the right-hand sides of (3.6), (3.7), and (3.9) appear quite
naturally. For instance, the norm || 3—3*||2,1 in (3.7) is a sum
of M terms each of which is a Euclidean norm of a vector
in R”, and thus it is of the order /7 if all the components
are equal. Therefore, (3.7) can be interpreted as a correctly
normalized “error per coefficient” bound.

We now state several important conclusions. They are all
valid for the general Group Lasso, and not only in the multi-
task learning setup. They key point for their validity is the
structured sparsity assumption.

1. Theorem 3.3 applies to the general Group Lasso setting.
Indeed, the proofs in this section do not use the fact that
the matrix X " X is block-diagonal. The only restric-
tion on X " X is given in Assumption 3.1. For example,
Assumption 3.1 is obviously satisfied if X ™ X/(nT)
(the correctly normalized Gram matrix of the regression
model (2.1)) has a positive minimal eigenvalue.

2. The dependence on the dimension M is negligible for
large T'. Indeed, the bounds of Theorem 3.3 become
independent of M if we choose the number of tasks T’
larger than log® M. A striking fact is that no relation
between the sample size n and the dimension M is re-
quired. This is quite in contrast to the previous results
on sparse recovery where the assumption log M = o(n)
was considered as sine qua non constraint. For ex-
ample, Theorem 3.3 gives meaningful bounds if M =
exp(n?) for arbitrarily large v > 0, provided that T >
n?Y. This is due to the structured sparsity assumption,
and is not conditioned by the block-diagonal (multi-
task) structure of the regression matrices.

3. Our estimator admits better risk bounds than the usual
Lasso. Let us explain this point considering the exam-
ple of the prediction error bound (3.6). Indeed, for the
same multi-task setup, we can apply a usual Lasso esti-
mator BL, that is a solution of the following optimiza-
tion problem

T M
min S(0) +2X DN Byl

t=1 j=1

where \' > 0 is a tuning parameter. We will use the
bounds of [3] for the prediction error of BL. For a fair
comparison with Theorem 3.3, we assume that we are in
the most favorable situation where M < n, each of the
matrices %XtT X, is positive definite and has minimal
eigenvalue greater than 2. This implies both Assump-
tion 3.1 and the Restricted Eigenvalue assumption as
stated in [3]. Next, we assume, as in Theorem 3.3, that
the diagonal elements of the matrix X " X /n are equal
to 1.

To use the results of [3], we note that the parameters n,
M, s therein correspond to n’ = nT, M’ = MT, s’ =
sT' in our setup, and the minimal eigenvalue of the ma-
trix L X7X = L XTX is greater than (r')? = x?/T.
Another particularity is that, due to our normalization,
the diagonal elements of the matrix T%TX T X are equal



to 1/T, and not to 1, as in [3]. This results in the fact
that the correct X is by a v/T factor smaller than that

given in [3]:
_ log(M T)
\/7 b
where A’ > 2v/2. We can then act as in the proof of
inequality (7.8) from [3] (cf. (B.31) in [3]) to obtain

N2
that, with probability at least 1 — (M T~ “5= it holds
1 . 165 (V)2
—IX L *\ (12 < 2\
16(A’)?
1604, los(MT)
K2 n

Comparing with (3.6) we conclude that if log M is not

too large as compared to v/7 the rate of prediction bound
(3.6) for the Group Lasso is by a factor of log(MT)

better than for the usual Lasso under the same assump-

tions. Let us emphasize that the improvement is only

due to the property that 8* is structured sparse.

Finally, we note that [23] follow the scheme of the proof
of [3] to derive similar in spirit to ours but coarse oracle in-
equalities. Their results do not explain the advantages dis-
cussed in the points 1-3 above. Indeed, the tuning parameter
A chosen in [23], pp. 614615, is larger than our A by at
least a factor of v/T'. As a consequence, the corresponding
bounds in the oracle inequalities of [23] are larger than ours
by positive powers of T'.

4 Coordinate-wise estimation and selection of
sparsity pattern

In this section, we show how from any solution of the prob-
lem (2.2) we can reliably estimate the correct sparsity pattern
with high probability.

We first introduce some more notation. We define the
Gram matrix of the design ¥ = %X TX. Note that ¥ is
a MT x MT block-diagonal matrix with 7" blocks of di-
mension M x M each. We denote these blocks by ¥, =
LX7 X = (Wijan)j k=1, .M

In this section we assume that the following condition
holds true.

Assumption 4.1 The elements Vy; ;1. of the Gram matrix U

satisfy

Ui=1, VI<j< M, 1<t<T,

and

1
max W] < =—
1<t<T, ';ék‘ ikl < Tas’

for some integer s > 1 and some constant o > 1.

Note that the above assumption on ¥ implies Assumption
3.1 as we prove in the following lemma.

Lemma 4.2 Ler Assumption 4.1 be satisfied. Then Assump-
tion 3.1 is satisfied with k = /1 — é

Proof: For any subset J of {1,...,

M} such that |J| < s
and any A € RMT guch that |A e

21 < 3[|As|l2,1, we

have
ATUA, - 14 ATV — Injrxmr)A g
A2 1A
T 2

S 1 (ZjeJ Zt:l |Atj|)
- Tas 1A

1
~ Ta

where we have used Assumption 4.1 and the Cauchy-Schwarz
inequality. Next, using consecutively Assumption 4.1, the
Cauchy-Schwarz inequality and the inequality ||A jel[2,1 <
3||A |21 we obtain

T
|AF VA, 1 D=1 2jer 2okege | Atil| Akl
A2 = Tas 1A
_ 1 Sieskes [A701AY
S Tas |A ;]2
< 3 1A 13,1
o Tas [lAS]
3
< —.
Ta
Combining these inequalities we find
T T T
A \II% > AJ\IIAQJ 2AJC\I/2AJ > 1_l >0,
A A 1A o

Note also that, by an argument as in [19], it is not hard
to show that under Assumption 4.1 the vector * satisfying
(2.1) is unique.

Theorem 3.3 provides bounds for compound measures of
risk, that is, depending simultaneously on all the vectors /37.
An important question is to evaluate the performance of es-
timators for each of the components 37 separately. The next
theorem provides a bound of this type and, as a consequence,
a result on the selection of sparsity pattern.

Theorem 4.3 Consider the model (1.1) for M > 2andT,n >
1. Let the assumptions of Lemma 3.2 be satisfied and let As-
sumption 4.1 hold with the same s. Set

_(3+7(;’31))a.

Let \, A and W1, ..., Wy be as in Lemma 3.2. Then with
probability at least 1—M"~9, where ¢ = min(8log M, ByAVT/8),
for any solution (3 of problem (2.2) we have

1 4 c Alog M
—|I8 = B l2.00 £ —=4 /1 4+ —F——. 4.1
B = Bl < 7= =
If, in addition,
2c Alog M
— 1+ —, 4.2
min 3] > N



then with the same probability for any solution B of problem
(2.2) the set of indices

j= {j I > o 1 ““fTM} 3)
estimates correctly the sparsity pattern J((3%), that is,
J = J(B).
Proof: Set A = 3 — 3*. We have
[All2,00 < [WA[l2,00 + [[(¥ = Inirscmsr) All2,00- (4.4)
Using Assumption 4.1 we obtain

(Y — Ingrx i) Al 2,00 =

57 1/2
T M
max 3|3 gallAal] | <
SVYA —1 At
. Ny 1 1/2
2
<
1880 1<tIETj;£k Wit ; ) 12};¢_|Atk| <
— STkt
T M 27 1/2
> (Z |Atk>
t=1 \k=1
4.5)
By the Minkowski inequality for the Euclidean norm in R,
o 1/2
Z <Z Atk) < |A2,1- (4.6)
t=1 \k=

Combining the three above displays we get

1
Allgoo < A9 00 + ——[1All2.1.
1Al o < 19A o0 + = — A1

Thus, by Lemma 3.2 and Theorem 3.1, with probability at
least 1 — M4,

3 16
All2 oo < [ = AT
1A, <2 + 705/12)

By Lemma 4.2, ak? = o — 1, which yields the first result of
the theorem. The second result follows from the first one in
an obvious way. |

Assumption of type (4.2) is inevitable in the context of
selection of sparsity pattern. It says that the vectors (3*)7
cannot be arbitrarily close to O for j in the pattern. Their
norms should be at least somewhat larger than the noise level.

The second result of Theorem 4.3 (selection of sparsity
pattern) can be compared with [2, 23] who considered the
Group Lasso. There are several differences. First, our esti-
mator .J is based on thresholding of the norms || 37|, while
[2, 23] take instead the set where these norms do not vanish.
In practice, the latter is known to be a poor selector; it typi-
cally overestimates the true sparsity pattern. Second, [2, 23]
consider specific asymptotic settings, while our result holds

for any fixed n, M, T'. Different kinds of asymptotics can be
therefore obtained as simple corollaries. Finally, note that
the estimator B is not necessarily unique. Though [23] does
not discuss this fact, the proof there only shows that there
exists a subsequence of solutions B of (2.2) such that the set
{7 : |37]| # 0} coincides with the sparsity pattern .J(3*) in
some specified asymptotics (we note that the “if and only if”
claim before formula (23) in [23] is not proved). In contrast,
the argument in Theorem 4.3 does not require any analysis
of the uniqueness issues, though it is not excluded that the
solution is indeed unique. It guarantees that simultaneously
for all solutions B of (2.2) and any fixed n, M, T the correct
selection is done with high probability.
Theorems 3.3 and 4.3 imply the following corollary.

Corollary 4.4 Consider the model (1.1) for M > 2 and
T,n > 1. Let the assumptions of Lemma 3.2 be satisfied
and let Assumption 4.1 holds with the same s. Let \, A and
Wi, ...,Wr be as in Lemma 3.2. Then with probability at

least 1 — M9, where ¢ = min(8log M, AN/T/8), for any

solution ( of problem (2.2) and any 1 < p < oo we have
st/p Alog M

2,p < co——= \/» 1+ —F—— \/T )

4.7
f\\ﬁ B2 4.7

where
320\ /? 32 \''r
0= (23) (rmey)

If, in addition, (4.2) holds, then with the same probability for
any solution 3 of problem (2.2) and any 1 < p < oo we have

1 4 | J|1/P Alog M
R — 3* L co —_—, 4.8
\/T”/g 6 ”2717 1 \/ﬁ \/T ( )
where J is defined in (4.3).
Proof: Set A = ﬁ — 3. For any p > 1 we have

1 1 51 -3
A < —=|A —|IAll2.00 .
T8l < (=8l ) (Smlaten

Combining (3.7), (4.1) with kK = /1 — é and the above
display yields the first result. |

Inequalities (4.1) and (4.8) provide confidence intervals
for the unknown parameter 5* in mixed (2,p)-norms.

For averages of the coefficients 3;; we can establish a
sign consistency result which is somewhat stronger than the

result in Theorem 4.3. For any 3 € RM, define sign(() =

(sign(Bh), ..., sign(ﬁM))T where
1 if t > 0,
sign(t) =¢0 ift=0,
-1 ift <O0.

Introduce the averages

1 T T
=72 B 4= Z -
t=1 t=1

'ﬂ \



Alog M

Consider the threshold 7 = %< ,/1 + Nii and define a

NG
thresholded estimator
C~Lj = dJI{|€LJ| > T}.

Let a and a* be the vectors with components a; and aj, j =
1,..., M, respectively. We need the following additional
assumption.

Assumption 4.5 It holds that

> +AlogM
> VT

This assumption says that we cannot recover arbitrarily small
components. Similar assumptions are standard in the liter-
ature on sign consistency (see, for example, [19] for more
details and references).

min |a}
j€J(a*)

Theorem 4.6 Consider the model (1.1) for M > 2andT,n >
1. Let the assumptions of Lemma 3.2 be satisfied and let As-
sumption 4.1 hold with the same s. Let A and A be defined
as in Lemma 3.2 and c as in Theorem 4.3. Then with proba-
bility at least 1 — M*'~9, where ¢ = min(8log M, A\/T/S),
for any solution ﬁ of problem (2.2) we have

F ‘| < c 1_‘_AlogM
R AR A vn VT

If, in addition, Assumption 4.5 holds, then with the same

probability, for any solution B of problem (2.2), a recovers
the sign pattern of a™*:

sign(a) = sign(a®).
Proof: Note that for every j € Ny,

Alog M
<\F”ﬁ ﬂ”Qoo,f 1+T

The proof is then similar to that of Theorem 4.3. ]

|a; — aj

5 Non-Gaussian noise

In this section, we only assume that the random variables
Wiiyi € Ny, t € Np, are independent with zero mean and
finite variance E[W?2] < o2. In this case the results remain
similar to those of the previous sections, though the concen-
tration effect is weaker. We need the following technical as-
sumption

Assumption 5.1 The matrix X is such that

for a constant ¢’ > 0.

This assumption is quite mild. It is satisfied for example, if
all (x¢;); are bounded in absolute value by a constant uni-
formly in 7, ¢, j. We have the two following theorems.

Theorem 5.2 Consider the model (1.1) for M > 3and T, n >
1. Assume that the random vectors W1, ..., W are inde-
pendent with zero mean and finite variance E[Wfl] < 02, all
diagonal elements of the matrix X " X /n are equal to 1 and
M(B*) < s. Let also Assumption 5.1 be satisfied. Further-
more let k be defined as in Assumption 3.1 and ¢,ax be the
largest eigenvalue of the matrix X ™ X /n. Let

146
Az oy /g M) e
nT
Then with probability at least 1 — %,ﬁr any so-
lution B of problem (2.2) we have

1 s 16 log M)+9
L@ e < o2 LM s )

1 5 . 16 log M )1+
Sl 8l < osy/ BB s

A 64 max

M) < Homax (5.3)

K2
If, in addition, Assumption RE(2s) holds, then with the same
probability for any solution 3 of problem (2.2) we have
160 , (log M)'*?
o°s .
k*(2s) n

ZIB— 8P <

Theorem 5.3 Consider the model (1.1) for M > 3andT,n >
1. Let the assumptions of Theorem 5.2 be satisfied and let
Assumption 4.1 hold with the same s. Set

= ()

Let )\ be as in Theorem as in 5.2. Then with probability at
(2elog M —

least 1 — W’ for any solution ﬁ of problem (2.2)
we have
1,4 ) (log M)1+9
=13~ <oy 2
B = Bl <oy ZEL

If, in addition, it holds that

1 . (log M)1+9
N *\J > 2¢c -
vilCad ;
then with the same probability for any solution B of problem
(2.2) the set of indices

o 1 ~
J=9j:—=|]| >¢
{55 281
estimates correctly the sparsity pattern J([3*):
J=J(5).

The proofs of these theorems are similar to the ones of
Theorems 3.3 and 4.3 up to a modification of the bound on
P(A°) in Lemma 3.2. We consider now the event

T n 2
= max Z(Z Zti) th;) < AnT

min
JEJ(B*)

(log M) 146 }




The Markov inequality yields that
i Efmaxi gien (S (@) Wer)]
P c g = XJ X 1= X
H(A) (WnT)2

Then we use Lemma A.2 given below with the random vec-
tors

Yii = (%) 1Wai/n, . . ., (24) M Wii/n) € RM,

Vi € N,,, Vt € Np. We get that
T n
2elog M — e 2 1 9
A\2nT ﬁzzlmi (ra)5]

<
=1 =1

Pr(A9) <

By the definition of A in Theorem 5.2 and Assumption 5.1

we obtain

(2elog M —e)

Pr(4°) < o %
") (log M)+

]

Thus, we see that under the finite variance assumption

on the noise, the dependence on the dimension M cannot be
made negligible for large T'.
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A Auxiliary results

Here we collect two auxiliary results which are used in the
above analysis. The first result is a useful bound on the tail
of the chi-square distribution.

Lemma A.1 Let x2 be a chi-square random variable with
T degrees of freedom. Then

1 2
Pr(x% >T +xz) <exp | —= min ( z, T
8 T
Sforall xz > 0.

Proof: By the Wallace inequality [27] we have
Pr(x7 > T +z) < Pr(N > z(x)),
where NV is the standard normal random variable and z(z) =
v/& — Tlog(1 + x/T). The result now follows from inequal-
ities Pr(NV > z(z)) < exp(—2%(z)/2) and
2

> _w 1
T 2(14w) 4

u—log(1+wu) > min (u,u?), Vu > 0.

The next result is a version of Nemirovski’s inequality
(see [12], Corollary 2.4 page 5).

Lemma A.2 Let Yy, ..., Y, € RM be independent random
vectors with zero means and finite variance, and let M > 3.
Then

\ZYF

where | - \Oo is the Lo, norm.

< (2elogM —e) ZE [1Y:1%],

1=1
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