
Models as the Basis for Visual Representation

� “realistic” 3D visualisation� “insight” athigh abstractionlevel� link visualisationto model

1. structure

2. entitity attributes
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Categories of Simulation Animation Implementation

� Animationusinga post-processor� Direct simulationanimation

– integratedprogram(onethread)

– cooperatingprograms(multiple threads,reactive subjectpattern)� VisualInteractive Simulation:userin theloop

– interrupt,modify (parameters,IC, . . . ), re-start

– discreteevent: statisticalrelevance?

– discreteevent: transientbehaviour

– needto keeptrackof modifications

(generatescriptloggingmodifications)
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Technical Problems of Simulation Animation

� Transformationof time for animation:non-equidistant,

speedup/slowdown� Suspensionof animationonmulti-taskingsystems:buffer
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Real Time Simulation

wall clock time

virtual
time

Real Time

slower than
Real Time

faster than
Real Time

"analytical"
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Real Time Deadlines:
Rate Monotonic Scheduling (RMS)

Real Time Deadlines

t

simulation
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ContinuousModels: ODE

dnx
dtn

� f
� dn � 1x

dtn � 1 ��������� x � u � t �
f andx

�
t � maybevectors�								
 								�

x � x0

dx
dt

� x1

dx1
dt

� x2

�����dxn � 1
dt

� xn
� f

�
xn � 1 � xn � 2 �������� x1 � x0 � u � t �
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Euler discretisation

dx
dt

� f
�
x � u � t ��

x
�
ti � ∆t ��� x

�
ti �

∆t �� f
�
x
�
ti � � u � ti � � ti ��

x
�
ti � ∆t � �� x

�
ti � � f

�
x
�
ti � � u � ti � � ti � ∆t
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Taylor SeriesExpansion

x
�
ti � ∆t � � x

�
ti � � ∆t

1!
dx
dt � ti � ∆t2

2!
d2x
dt2 � ti � �����

ERROR ��� � N � 1� if choppedafterN

ERROR εN �� approxN � 1 � approxN
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Integration Methods: Euler

Single-step

x0
� α0

xi � 1
� xi � h f

�
ti � xi � � i � 0

Unsymmetrical:usesonly derivative in begin point.
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Integration Methods:Modified Euler

Single-step

x0
� α0

k1 � h f
�
ti � xi �

k2 � h f
�
ti � h � xi � k1�

xi � 1
� xi � k1

2 � k2
2 � i � 0

Symmetrical:usesderivative in begin andendpoint.
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Integration Methods: Midpoint

Single-step

x0
� α0

k1 � h f
�
ti � xi �

k2 � h f
�
ti � h

2 � xi � k1
2 �

xi � 1 � xi � k2 � i � 0

Symmetrical:halfway point.
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Integration Methods: Heun

Single-step

x0
� α0

k1 � h f
�
ti � xi �

k2 � h f
�
ti � 2h

3 � xi � 2k1
3 �

xi � 1
� xi � k1

4 � 3k2
4 � i � 0
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Integration Methods: Runge-Kutta 4

Single-step

x0
� α0

k1 � h f
�
ti � xi �

k2 � h f
�
ti � h

2 � xi � k1
2 �

k3 � h f
�
ti � h

2 � xi � k2
2 �

k4 � h f
�
ti � h � xi � k3�

xi � 1
� xi � k1

6 � k2
3 � k3

3 � k4
6 � i � 0

“Optimal” choiceof intermediatepoints.
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Integration Methods: Adams-Bashforth

Multi-step: Needone-stepmethodsfor start-up

2-step

x0
� α0

x1
� α1

xi � 1
� xi � h

2

�
3 f

�
ti � xi ��� f

�
ti � 1 � xi � 1 � � i � 2

3-step

x0
� α0

x1
� α1

x2
� α2

xi � 1
� xi � h

12

�
23f

�
ti � xi ��� 16f

�
ti � 1 � xi � 1 � � 5 f

�
ti � 2 � xi � 2 ��� � i � 2
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4-step

x0
� α0

x1
� α1

x2
� α2

x3
� α3

xi � 1
�

xi � h
24

�
55f

�
ti � xi ��� 59f

�
ti � 1 � xi � 1 � � 37f

�
ti � 2 � xi � 2 ��� 9 f

�
ti � 3 � xi � 3 ��� � i � 3
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Integration Methods: Milne

Predictor-corrector

� Predictor

x0
� α0

x1
� α1

x2
� α2

x3
� α3

x � 0 �i � 1
� xi � 3 � 4h

3

�
2 f

�
ti � xi ��� f

�
ti � 1 � xi � 1 � � 2 f

�
ti � 2 � xi � 2 ��� � i � 3� Corrector

x � k � 1 �
i � 1

� xi � 1 � h
3

�
f
�
ti � 1 � x � k �i � 1 � � 4 f

�
ti � xi � � f

�
ti � 1 � xi � 1 ��� �

i � 2 � k � 1 � 2 �������
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Adaptive Step-size Control

Useaccuracy indicatorto double/halve step-size

1. stephalving

2. εN �� approxN � 1 � approxN
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Adaptive Step-size Control

RK4 + RK5 � Runge-KuttaFehlberg (embedded)

k1
� h f

�
ti � xi �

k2
� h f

�
ti � a2h � xi � b12k1 ������

k6
� h f

�
ti � a6h � xi � b61k1 � b62k2 � ����� � b65k1 �

xi � 1
� xi � c1k1 � c2k2 � ����� � c6k6 � � � h6 �

x �i � 1
� xi � c �1k1 � c �2k2 � ����� � c �6k6 � � � h5 �
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set initial 
conditions

set 
[ t_init, t_final]

set parameter 
values

t := t_init

YES

NO

estimate
integration error E

E<E_min E>E_max

E in [E_min, E_max]

YES NO

delta_t := delta_t*2 delta_t := delta_t/2

integrate over
[t, t_new]

zero crossing
location t_zc

t := t_new

t := t_zc

zero crossing
occurred

in [t,t_new]
?

t >= t_final ?

?

set integrator
set initial delta_t
set integrator 
      parameters

start

end

iterate to consistent 
initial conditions

McGill, 1 November, 2000 hv@cs.mcgill.ca CS308-767BModelling andSimulation 19/21

Stiff Systems

u � � 998u � 1998v

v � � � 999u � 1999v

u
�
0� � 1 � v � 0� � 0

u � 2y � z � v � � y � z

u � 2e � t � e � 1000t

v � � e � t � e � 1000t

x � � � cx

Explicit: ForwardEuler: xi � 1
� xi � hx �i

xi � 1
� �

1 � ch � xi

Implicit: BackwardEuler: xi � 1
� xi � hx �i � 1

xi � 1
� xi

1� ch

Rosenbrock,Gear, . . .methods
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Differential Algebraic Equations (DAE)

f
� dnx
dtn � d

n � 1x
dtn � 1 �������� x � u � t � � 0

g
�
x � t � � 0

ResidualSolvers

DASSL(Petzold)
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