COMP760, LECTURES 2,3: FOURIER ANALYSIS OF FINITE ABELIAN
GROUPS

HAMED HATAMI

In this lecture we develop the basic Fourier analysis of finite Abelian groups. Recall that the
cyclic group Zy is the Abelian group with elements {0,1,..., N — 1}, where the group product is
defined as a + b := a+ b (mod N). Finite Abelian groups can be characterized as the products of
cyclic groups:

Theorem 0.1. Every finite Abelian group G is isomorphic to the group Zn, x ... X Zy;, for some
positive integers Ny, ..., Ng.

In this course, we will be mostly interested in the group Zj as it can be identified with the set
{0,1}". Hence boolean functions f : {0,1}" — {0,1} can be identified with functions f : Z§ —
{0,1}, and this shall allow us to use Fourier analysis of Z% to study boolean functions.

1. BAasic FOURIER THEORY

Let G be a finite Abelian group. A function x : G — C\ {0} mapping the group to the
non-zero complex numbers is called a character of G if it is a group homomorphism. That is,
x(a +b) = x(a)x(b) for all a,b € G, and x(0) = 1, where 0 is the identity of G. The constant
function 1 is called the principal character of G.

Let x be a character of GG, and consider an element a € GG. Since G is a finite group, a is of some
finite order n (that is na = 0). Hence 1 = x(0) = x(na) = x(a)”™ which shows that x(a) is an n-th

~

root of unity. In particular, every character y € GG satisfies
(1) x:G—T,
where T is the unit complex circle.

Theorem 1.1. If G is a finite Abelian group, then the characters of G together with the usual
pointwise product of complex valued functions form a group G.

Proof. The principal character 1 is the identity of G. Note that if x and & are characters of G,
then x¢ is also a character. Indeed x(ab)é(ab) = x(a)&(a)x(b)€(b), and x(0)£(0) =1 x 1 =1. To
check the existence of the inverse element, note that if y is a character, then Y~ = i = is also

a character. OJ

The group G is called the Pontryagin dual of G. Fourier analysis is based on expressing functions
f : G — C as linear combinations of characters. It will be convenient to treat the set of these
functions as a Hilbert space: Let Lo(G) denote the set of functions f : G — C, where here G is
endowed with the uniform probability measure. Recall (see Lecture 1, Section 3.1) that Lo(G) is a
Hilbert space with the inner product

(f.9) = Esec:f (2)g(@) = ; S F@)g(@).

zeG
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In the sequel we will usually consider G as a probability space, and E,cq shall always mean that
x is a random variable that takes values in G uniformly at random. To simplify the notation we
usually abbreviate E, e to simply E. Hence for a function f : G — C, the notation E[f] means
Eyec[f(z)] (which is equal to ﬁ > e f(x)).

Our next goal will be to prove that the characters form an orthonormal basis for this space. First
let us prove a simple lemma.

Lemma 1.2. Let G be a finite Abelian group, and x be a mon-principal character of G. Then
Z:{:EG X(l‘) =0.
Proof. Suppose to the contrary that  __. x(x) # 0. Consider an arbitrary y € G. Then We have

X)) D x(@) = x(y+z) =Y xx)
zeG zeG zelG

which shows that x(y) = 1. Since y was arbitrary, we conclude that x must be the principal
character which is a contradiction. O

Now we can prove the orthogonality properties of the characters.
Lemma 1.3. The characters of a finite Abelian group G are orthonormal functions in La(G).
Proof. Tt follows from (1) that every y € G satisfies

IxII3 = E [Ix(2)["] =E[1] = L.
So characters are unit vectors in Lo(G). It remains to verify the orthogonality. Let x # £ be two

different characters. Then y& = x¢~! is a non-principal character of G. Hence by Lemma 1.2, we
have

(x:€) = E [x(2)é(x)] = E [x&(x)] = 0.
O

So far we have discussed the Pontryagin dual of G in an abstract manner. Since finite Abelian
groups have simple structures (Theorem 0.1), it is quite easy to describe the characters of G. We
start with the basic case of G = Zy. For every a € Zy, define x, € La2(G) as

2mi

Xa: T+ eN W

Let us verify that x, is actually a character. Indeed x4 (0) = e N0 =0 — 1, and since e

have

2 — 1, we

Xa(l')Xa(y) _ e%aze%ay _ e%a(:c—f—y (mod N)) _ Xa(x + y)
Note that Lo(G) is |G|-dimensional, and hence by Lemma 1.3, G has at most |G| characters. It
follows that {x, : @ € G} are all the characters of G. The principal character is xo = 1. Also
XaXb = Xa+b Which shows that the dual group G is isomorphic to G. As we shall see below this is
in general true for all finite Abelian groups.
Now let us consider the general case of G = Zn, X ...Zp, for some positive integers Ny, ..., N.
For every a = (aq,...,a;) € G, define x, € Lo(G) as

27

k
Xa @ X > Hevﬂm_
i=1

As in the case of Zy, it is straightforward to verify that x, is a character by showing that x,(0) = 1,
and xq(T + y) = Xa()Xa(y). Again Lemma 1.3 shows that {x, : @ € G} are all the characters of
G. We also have the identify xqX» = Xq+b Which proves Theorem 1.4.
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Theorem 1.4. If G is a finite Abelian group, then the characters of G form an orthonormal basis
for La(G). Furthermore we have G = G.

Before continuing further, let us look at the characters of our favorite group Z3. Consider an
element a € Z5. Then

Ya(r) = e 8 e = ()i,
Note that in this case the characters are actually real valued (they only take values 1 and —1).
Since the coordinates of a are 0 or 1, we will sometimes identify a with the set S = {j € {1,...,n}:
a; = 1}, and denote the characters as xyg for S C {1,...,n}. This notation is sometimes more
intuitive as

Xa(z) = e B i aiwi (—1)2i=1 9% = (—1)ies ¥

Later when we take a probabilistic approach to decomposing functions, this notation becomes more
natural as it extends to general product spaces (where there is no group structure).

Definition 1.5. The Fourier transform of a function f : G — C is the unique function f: G—C
defined as

~ _—

fx) = (fix) =Ef(z)x(x).

Theorem 1.4 shows that G is isomorphic to its dual é, and so it shall be convenient to identify
the two groups in the sequel. Let us restate Definition 1.5 in this new notation.

Definition 1.6 (Definition 1.5 Restated). The Fourier transform of a function f : G — C is the
unique function f: G — C defined as

~

f(CL) = (fa Xa> = Ef(x)Xa($)'
Let us state a simple example of the Fourier transform of a function on Zj.

Example 1.7. Let f : Z — C be the parity function f: 2z~ > 1" | xi(mod 2). Then

~

F(0) = Ef(e)x0 = () = 5.

We also have
—~ noo 1
f(lv ceey 1) = Ef(x)(_l)zj:l ¥ = _57
as f(r) = 1if and only if 377, 2; = 1(mod 2). Next consider a € Zj with a # (1,...,1) and
a # 0. Let jo,j1 be such that aj, = 0 and a;, = 1. We have (why?)

-~

Fla) = Ef (e)xa(e) = SE@xa@) + 5 + e + e )xale + e + )],

where e; denotes the vector in Z3 which has 1 at its jth coordinate and 0 everywhere else. Note

~

that f(x) = f(x+ej, +e;,) and furthermore x4 (z) = —xq.(z+ej, +¢€;,). We conclude that f(a) =0
for every a € Z¥ satisfying a # (1,...,1) and a # 0. [
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Lecture 3

o —

The Fourier transform is a linear operator: Af +g¢g = /\f—i— g, and we have the following easy
observation.

Lemma 1.8. The Fourier transform considered as an operator from L1(G) to Loo(G) is norm
decreasing:

[ flloo < £
Proof. By (1) for every a € G, we have

F(@)] = [Ef(@)xa(@)| < Bl @) [xa(@)] = Elf(@)| = I 1.

O
The Fourier coefficient f(()) is of particular importance as
7(0) = Elf ()]
So if 1g is the indicator function of a subset 1g C G, then IE(O) = % corresponds to the density

of S.
It follows from the fact that the characters from an orthonormal basis for La(G) that

=3 fla)xa
aeG

and that this expansion of f as a linear combination of characters is unique. This formula is called
the Fourier inversion formula as it shows how the functions f can be reconstructed from its Fourier
transform.

If S C G, then the orthogonal complement of S is defined as

St ={aeG:xux)=1Vz e S}

It follows from the identities xo = 1 and xoX» = Xa+s that ST is a subgroup of G. The Fourier
transform of the indicator function of a subgroup of G has a simple form:

Lemma 1.9. If H is a subgroup of G, then for every a € G, we have

—~ L
G- {6 st

Proof. If a € H*, then

Lii(a) = (Li, Xa) = Elg(2)xa(2) = Bl (x) = |H|/|G].
On the other hand if a ¢ H*, then there exists y € H such that x,(y) # 1. Then
D xa(2) = xa®) D xalz =) = xa®) D xa(2),

z€H zeH ze€H

which shows that ).y xa(2) = 0. Hence

Th1(a) = Bl () Xa(2) = @ S Elg(z) =0.
z€H
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Remark 1.10. It follows from Lemma 1.9 that if S = y + H is a coset of H in G (i.e. H is a
subgroup of G and y € G), then for every a € G,
Is(a) = Els(z)xa(®) = Elg(x - y)xa() = Elu(2)xa(z +y) = x(v)1r(a)

{x(y)!H\/\G! a€H*
0 a¢g H-

Example 1.11. Let us revisit Example 1.7 in light of Remark 1.10. Note that H = {z € Z} :
Soiixi = 0 (mod 2)} is a subgroup of Z3. Now the function f defined in Example 1.7 is the
indicator function of S = e; + H. Note that

H* ={a:(-1)Zi=1%% = 1Vz e H} = {(0,...,0),(1,...,1)}.

Hence

Py — To(g) — 4 XaleD)|HI/IG] a€H"

Fla) =Tt = { | oy
We conclude that f(0) = 1/2 and f(1,...,1) = —1/2, and f(a) = 0 for every a € Zy satistying
a#(1,...,1) and a # 0. ]

Theorem 1.12 (Parseval). For every f € Lao(G),
1713 =D If (@)
acG
Proof. We have

I£1I5 = (f, f) = <Z f(a)xa,zf<b>xb> =Y @) F(0) (xar x0).

aeG beG a,beG

The identify now follows from orthonormality of characters:

_J0 a# b;
{Xa, x0) _{ 1 a=bo.

0

The proof of the Parseval identity, when applied to two different functions f, g € Lo(G), implies
the Plancherel theorem:
(f,9) =" Fla)g(a).
acG

As the first example of an application of the Parseval identity, let us show that for every subgroup
H of G, we have

@ || = |G
Indeed by Lemma 1.9, we have
= 1y |H|*|H*|

aceG acH-L

which simplifies to (2).
Next we introduce the important notion of convolution.
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Definition 1.13. Let G be a finite Abelian group. For two functions f,g: G — C, we define their
convolution fxg: G — C as

fxg(x) =Eyealf(@z—y)g(y)]-

Note that f % g(x) is the average of f(a)f(b) over all pairs a,b with a + b = x. This gives a
combinatorial nature to convolution which makes it very useful in dealing with certain discrete
problems. Consider a set S C G. Then f % 1g(z) is the average of f over the set x — S :={x —y:
y € S}. For example if S is the Hamming ball! of radius r around 0 in Z%, then f * 1g(z) is
the average of f over the Hamming ball of radius r around x. These types of averaging operators
usually “smooth” f, and makes it more similar to a constant functions. This smoothing property
of the convolution is one of the main tools in harmonic analysis and this course.

Next let us list some basic facts about the convolution. We define the support of f : G — C,
denoted by Supp(f), to be the set of the points x € G with f(z) # 0.

Lemma 1.14. Consider three functions f,g,h: G — C.

(a) We have
frg=gxf.
(b) We have
(f*g)xh=fx(gxh).
(c) We have
fx(Ah+g)=A*xh+ fx*g.
(d) We have
Supp(f + g) C Supp(f) + Supp(g).
(e) We have

1f * gllos < [If1111l9lloc-

(f) More generally, if p and q are conjugate exponents, then
1 * glloo < 1 £lIpllgllg-

(g) We have
1+ glle < [[f1lxllglls-

Proof. (a) For every x € G, we have
frg(x) =Ey[f(z —y)g()] = By[f(x —y)g(z — (x —y))] = Ez[f(2)g(z — 2)] = g * f(z).
(b) By Part (a),
(frg)xh(x) = (gx[f)*h(z)=E.Eylglx—z—y)f(y)lh(z) =
= Eyz9(z -z —y)f(y)h(z) = (h+g) « f(z) = [+ (gxh)(x).
(c) is trivial.
(d) follows from the fact that f(z) is the average of f(a)g(b) over all pairs of points a,b € G
with a +b = =.
(e) is a special case of (f).
(f) Note that for every x € G, by Holder’s inequality we have
1 % 9(@)] < Eyealf (= 9)llg@)] < Elf @ —y))"" ©lg@))"* = EIW)P)' llgly = 1 lllole
(g) We have

1 * glly = Ea [f + g(@)] < Bay|f(z—)llg)| = Ezylf(2)llg(W)] = Ez|f(2)[Eylg()] = 1 fll1llgll1-

IThe Hamming ball of radius 7 around 0 is defined as {z € Z§ : 3"

i=1

x; <r} CZ3.



COMP760, LECTURES 2,3: FOURIER ANALYSIS OF FINITE ABELIAN GROUPS

The relevance of the Fourier transform to convolution lies in the following lemma.

Lemma 1.15. If f,g: G — C, then

Proof. We have

Frgla) = Eof *g(@)xa(@) = Ea (Byf(x ~ 1)9(0)) Xa(#) = Buy f@ = y)g(y)Xalw -

Note that Lemma 1.15 in particular shows that

Ef(2)Eg(x) = f(0)3(0) = [+ g(0) =Ef » g(x).
We also have the dual version of Lemma 1.15,
(3) Fro@) =3 fla—viw),
yeG
which converts pointwise product back to convolution.

Exercise 1.16. Prove the Identity (3).

For a function h : G — C, define h : G — C as h : z — h(—x). Note that h = Zaeaﬁ(a)xa.
Hence it follows from the Parseval identity and Lemma 1.15 that for f,g,h: G — C, we have

(fxh.g)=(f,gxh) =" fa)h(a)j(a).

aceG
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