
L
ectu

re
3:

B
ayesian

N
etw

o
rks

�

A
n

exam
ple

�

D
A

G
s

as
representations

ofindependence

�

I-m
aps



R
ecallfro

m
last

tim
e:

C
o

n
d

itio
n

alin
d

ep
en

d
en

ce

Tw
o

variables �

and �
are

conditionally
independentgiven �

ifand

only
if�� �

�
�� �
�

� 	
�
�

� �
�� �
�
�� �
�

� 	
�
�	

� 	



W
e

denote
this

by�� �	
�

� �� .

In
this

lecture
w

e
discuss

the
use

ofgraphicalrepresentations
to

capture
independence

properties.
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U
sin

g
a

B
ayes

n
et

fo
r

reaso
n

in
g

(1)

C
om

puting
any

entry
in

the
jointprobability

table
is

easy:
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n
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g

or
p
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ictio

n
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et
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n
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g

(2)

S
uppose

w
e

gota
call.

W
hatis

the
probability

ofa
burglary?
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W
hatis

the
probability

ofan
earthquake?
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T
his

is
evid

en
tialreaso

n
in

g
or

exp
lan

atio
n

W
hathappens

to
the

probabilities
ifthe

radio
announces

an

earthquake?
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�
�	
� �
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�
�
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T
his

is
called

exp
lain

in
g

aw
ay.
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a

specialcase
ofin

ter-cau
salreaso

n
in

g
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sin

g
D

A
G

s
to

rep
resen

t
in

d
ep

en
d

en
cies

�

G
raphs

have
been

proposed
as

m
odels

ofhum
an

m
em

ory
and

reasoning
on

m
any

occasions
(e.g.

sem
antic

nets,inference

netw
orks,conceptualdependencies)

�

T
here

are
m

any
efficientalgorithm

s
thatw

ork
w

ith
graphs,and

efficientdata
structures



M
arkov

assu
m

p
tio

n

G
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a
graph

�
,w

hatsortofindependence
assum

ptions
does

it

im
ply?

E
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W
e

have ����	
�� , ����	

� �	
�	
�
	� �
�

and �� �	
� �	
�	
�
	� �� .

H
ow

aboutnode

�

?

In
generala

variable
is

independentofits
non-descendents

given
its

parents.
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n
etw

o
rk

stru
ctu

re

A
B

ayesian
netw

ork
structure

is
a

directed
acyclic

graph
(D

A
G

)

�

w
hose

nodes
representrandom

variables �
�	 !!!	
�

�

.

�

encodes

the
follow

ing
conditionalindependence

assum
ptions:
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�
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W
e

denote
this

setofindependence
assum

ption
by
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� �� .



I-M
ap

s

A
B

ayesian
netw

ork
structure

is
an

I-m
ap

(in
d

ep
en

d
en

ce
m

ap
)

of

a
distribution �

if �
satisfies

the
independence

assum
ptions
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C
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allpossible
graph

structures
over

3
variables:
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W
hich

graph
is

an
I-m

ap
for �� ?

H
ow

about �
� ?



Facto
rizatio

n

G
iven

that
�

is
an

I-m
ap

for�

,can
w

e
sim

plify
the

representation

of�

?

E
xam

ple:
If

�

contains
tw

o
unconnected

vertices�

and�

,and

�

is
an

I-m
ap

for �

,then
w

e
have �� �	

��

and
w

e
can

w
rite

�� �	
�� �
�� �

� �� �� .
Let

�

be
a

B
ayesian

netw
ork

structure
over

variables �
�	 !!!	
�

�

.

W
e

say
thata

distribution �

facto
rizes
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rd
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g
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�

if �

can
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expressed
as

a
product:
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p
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b
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m

o
d

els
or
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n

d
itio

n
alp
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ility

d
istribu
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n

s
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A
B

ayesian
netw

ork
is

a
B

ayesian
netw

ork
structure

�

together
w

ith

a
distribution�

thatfactorizes
over

�
,w

here�

is
specified

as
the

setofconditionalprobability
distributions

associated
w

ith

�

’s
nodes.

E
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A

larm
netw

ork.
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B
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the
chain

rule,
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�	 !!!	
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� ��� .
W

ithoutloss
of

generality,w
e

can
order

the
variables�

�

according
to

�

.
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assum
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the

conclusion
follow

s.



Facto
rizatio

n
exam

p
le

(
D
UWK

T
XD

N
H

5
D
G
LR

%
X
UJ
OD
U\

$
OD
UP

&
D
OO

(
D
UWK

T
XD

N
H

5
D
G
LR

%
X
UJ
OD
U\

$
OD
UP

&
D
OO

T
he

factorization
theorem

allow
s

us
to

represent �� �	
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�	
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as:�� �	
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m
p

lexity
o

f
facto

rized
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resen
tatio

n
s

�

If� �
����
��

� �
�� �

� �	 �
	 ,and

w
e

have
binary

variables,then

every
conditionalprobability

distribution
w

illrequire

�
�

�

num
bers

to
specify

�

T
he

w
hole

jointdistribution
can

then
be

specified
w

ith

� �
��

�

num
bers,instead

of�
�

�

T
he

savings
are

big
ifthe

graph
is

sparse
(�

�
�

).
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f
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e
facto
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n
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eo

rem

If�� �
�	 !!!	
�

�� �
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�� �
����
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� �
��

the

�

is
an

I-m
ap

of

�

.

P
roof:

w
illbe

on
the

nexthom
ew

ork



M
in
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alI-m

ap
s

�

T
he

factthata
D

A
G

�
is

an
I-m

ap
for �

m
ightnotbe

very

useful.

E
.g.

C
om

plete
D

A
G

s
(w

here
allarcs

thatdo
notcreate

a
cycle

are
present)

are
I-m

aps
for

any
distribution

(because
they

do

notim
ply

any
independencies).

�

A
D

A
G

�

is
a

m
in

im
alI-m

ap
of�

if
�

:

1.

�

is
an

I-m
ap

of �

2.
If

�
��

�

then

�
�is

notan
I-m

ap
for�
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m
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s

T
he

factorization
theorem

suggests
an

algorithm
:

1.
F

ix
an

ordering
ofthe

variables: �
�	 !!!	
�

�

2.
F

or
each�

� ,select�
����
��

� �
��

to
be

the
m

inim
alsubsetof

� �
�	 !!!	
�

� ��	

such
that

�� �
�	
� �
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�

� ��	
�

�
����
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� �
�� � �
����
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T
his

w
illyield

a
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alI-m

ap
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n
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u
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e
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alI-m
ap

�

U
nfortunately,a

distribution
can

have
m

any
m

in
im

alI-m
ap

s,

depending
on

the
variable

ordering
w

e
choose!

�

T
he

initialchoice
ofvariable

ordering
can

have
a

big
im

pacton

the
com

plexity
ofthe

m
inim

alI-m
ap:
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O
rdering:�	
�	
�	
�	
�

O
rdering:�	

�	
�	
�	
�

�

A
good

heuristic
is

to
use

causality
in

order
to

generate
an

ordering.


