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L
in

ear
u

n
its

Idea:
consider

justa
lin

ear
u

n
it:

�
�
�� �
�
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� �
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T
he

goalis
to

learn�
 s
thatm

inim
ize

the
squared

error

�
� �
���

��
�� �

������
��� �

w
here�

is
setoftraining

exam
ples.

T
he

function �
� �
�

defines
an

error
surface

in
w

eightspace.

H
ill-clim

bing
search

for
a

good
setofw

eights!
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G
rad

ien
t

d
escen

t
alg

o
rith

m

1.
Initialize

each�


to
som

e
sm

allrandom
value

2.
U

ntilthe
term

ination
condition

is
m

et,D
o:

(a)
Initialize

each
�


to
zero.

(b)
F

or
each

� �� ��
in���

��
��

�
���
�

	�

��

,D
o:

i.
Inputthe

instance �
to

the
unitand

com
pute

the
output�

ii.
F

or
each

linear
unitw

eight�
 ,D
o


�
�


�
 �
���� �
�� �



(c)
F

or
each

linear
unitw

eight�
 ,D
o:

�
�

�
 �

�




In
crem

en
tal(sto

ch
astic)

g
rad

ien
t

d
escen

t

B
atch

m
o

d
e

gradientdescent:
repeatuntilsatisfied:

1.
C

om
pute

the
gradient�

��
� ��

2. �
� �

��
��
� ��

In
crem

en
talm

o
d

e
gradientdescent:

repeatuntilsatisfied:

F
or

each
training

exam
ple

�

in�
1.

C
om

pute
the

gradient�
�
�� ��

2. �
� �

��
��� ��

��
� �� �

��
�� �

���� �
��� �

��� �� �
�� ���� �

��� �

Increm
entalgradientdescentcan

approxim
ate

batch
gradient

descentarbitrarily
closely

if�

m
ade

sm
allenough



S
u

m
m

ary

P
erceptron

training
rule

guaranteed
to

succeed
if:

�

Training
exam

ples
are

linearly
separable

�

S
ufficiently

sm
alllearning

rate�

Linear
unittraining

rule
uses

gradientdescent:

�

G
uaranteed

to
converge

to
hypothesis

w
ith

m
inim

um
squared

error

�

G
iven

sufficiently
sm

alllearning
rate�

�

E
ven

w
hen

training
data

contains
noise

�

E
ven

w
hen

training
data

notseparable
by

�

T
he

nextstep:
increasing

the
expressivity

ofthe
representation!



B
u

ild
in

g
n

etw
o

rks
o

f
in

d
ivid

u
alu

n
its

�

P
erceptrons

have
very

sim
ple

decision
surfaces

Ifw
e

connectthem
into

netw
orks,the

error
surface

for
the

netw
ork

is
notdifferentiable

(because
ofthe

hard
threshold)

S
o

w
e

cannotapply
gradientdescentto

find
a

good
setof

w
eights...

�

N
etw

orks
oflinear

units
are

notsatisfactory
either

(w
hy?)

�

W
e

w
ould

like
a

“soft”
threshold!

N
icer

m
ath,and

closer
to

biologicalneurons...



S
ig

m
o

id
u

n
it

w
1

w
2

w
n

w
0

x1x2xn

x0 =
 1

...
Σ

net =
 Σ

 w
i  xi

i=
0 n

1

1 +
 e -net

o =
 σ

(net) =
 

�� �
�

is
the

sigm
oid

function:

�
�� �
��

N
ice

property: ��
���	

��
�
�� �
�� � �
�� �
��

W
e

can
derive

gradientdecentrules
to

train

�

O
ne

sigm
oid

unit

�

M
ulti-layer

netw
orks

ofsigm
oid

units


B
ackpropagation
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r
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sig
m

o
id

u
n
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n

0

0.2

0.4

0.6

0.8 1

1.2

1.4

1.6

0
100

200
300

400
500

600
700

800
900

1000

Mean Square Error

 N
um

ber of E
pochs

S
igm

oid U
nit for A

nd F
unction

’m
se-curve-0.1’

’m
se-curve-0.01’

’m
se-curve-0.5’



A
sin

g
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o
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u
n
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n
o

t
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X
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A
n

etw
o

rk
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f
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m
o
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u

n
its

can
rep

resen
t

X
O

R
...
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B
ackp

ro
p

ag
atio

n
alg

o
rith

m

1.
Initialize

allw
eights

to
sm

allrandom
num

bers.

2.
R

epeatuntilsatisfied:

(a)
P

ick
a

training
exam

ple

(b)
Inputthe

training
exam

ple
to

the
netw

ork
and

com
pute

the

netw
ork

outputs

(c)
F

or
each

outputunit

�

�� 

�
�� � �
�

�����
� �
�

��

(d)
F

or
each

hidden
unit

�

�� 

�
�� � �
�

��
�� �
��

� ��
	 �

�� ��



(e)
U

pdate
each

netw
ork

w
eight�


�

�

� 

�

� �

�
�

� �



�

�



�

is
the

inputfrom
unit�

into
unit

�

(so
for

the
output

neurons,the
x’s

are
the

signals
received

from
the

hidden

layer
neurons)

T
his

algorithm
is

the
increm

entalversion.

A
lternatively,w

e
can

do
a

batch
version:

cycle
through

the
training

data,accum
ulate

the
w

eightchanges
for

allinstances,then
change

the
w

eights.

Term
inology:

epoch
=

one
pass

through
allthe

training
instances



W
hy

th
is

alg
o

rith
m

?

F
or

the
outputunits,this

is
justlike

the
update

for
a

single
neuron.

T
he

only
difference

is
thatnow

the
error

function
for

the
w

hole

netw
ork

is
defined

over
allthe

outputs:

�
� �
� �

��
�� �
�� �
��

� ��
	 ���

�� �
�

��� �

w
here�

��

and�
��

are
the

targetand
outputvalues

associated
w

ith

the

�

th
outputunitand

�

th
training

exam
ple.

F
or

the
hidden

units,w
e

have
to

com
pute

how
m

uch
they

influence

the
overallerror.

B
utthey

only
influence

the
error

ofthe
units

im
m

ediately

dow
nstream

from
them

!

T
he

restis
a

m
atter

ofapplying
the

chain
rule.



C
o

nverg
en

ce
o

f
b

ackp
ro

p
ag

atio
n

G
radientdescentto

som
e

localm
inim

um

�

P
erhaps

notglobalm
inim

um
...

�

C
an

be
m

uch
w

orse
than

globalm
inim

um

�

T
here

can
be

M
A

N
Y

localm
inim

a
(A

uer
etal,1997)

P
artialsolution:

train
m

ultiple
nets

w
ith

differentinitialw
eights

R
estarting

is
a

standard
trick

in
hill-clim

bing
algorithm

s

M
ore

tricks:

�

Initialize
w

eights
near

zero

�

T
herefore,initialnetw

orks
near-linear

�

Increasingly
non-linear

functions
possible

as
training

progresses

�

M
ake

sure
the

units
startw

ith
differentw

eights,to
break

sym
m

etry!



E
xp

ressiven
ess

o
f

feed
-fo

rw
ard

n
eu

raln
etw

o
rks

�

E
very

B
oolean

function
can

be
represented

by
a

netw
ork

w
ith

single
hidden

layer,butm
ightrequire

exponential(in
num

ber
of

inputs)
hidden

units

�

E
very

bounded
continuous

function
can

be
approxim

ated
w

ith

arbitrarily
sm

allerror,by
a

netw
ork

w
ith

one,sufficiently
large

hidden
layer

[C
ybenko

1989;H
ornik

etal.
1989]

�

A
ny

function
can

be
approxim

ated
to

arbitrary
accuracy

by
a

netw
ork

w
ith

tw
o

hidden
layers

[C
ybenko

1988].

Inductive
bias

is
roughly

sm
ooth

interpolation
betw

een
points



M
o

re
o

n
b

ackp
ro

p
ag

atio
n

�

G
radientdescentover

entire
netw

ork
w

eightvector

�

E
asily

generalized
to

arbitrary
directed

graphs
(notonly

tw
o

layers)

�

In
theory

itw
illfind

a
local,notnecessarily

globalerror

m
inim

um
,butin

practice,itoften
w

orks
w

ell(can
run

m
ultiple

tim
es)

�

M
inim

izes
error

over
training

exam
ples

W
illitgeneralize

w
ellto

subsequentexam
ples?

S
ee

the
overfitting

issue...

�

Training
can

take
thousands

ofiterations


V
E

R
Y

S
LO

W
!

B
utusing

netw
ork

after
training

is
very

fast.



E
xam

p
le:

L
earn

in
g

an
en

co
d

er
fu

n
ctio

n

Input
O

utput
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�

00000001

C
an

this
be

learned??



L
earn

in
g

h
id

d
en

layer
rep

resen
tatio

n
s

Inputs
O

utputs

Learned
hidden

layer
representation:
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H
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O
utput
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�
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�
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�
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�
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�
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E
vo

lu
tio

n
d

u
rin

g
train

in
g
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B
atch

vs.
in

crem
en

tallearn
in

g
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Error

N
um

ber of epochs

C
om

paring B
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ental B
ackpropagation

’8-3-8-batch’
’8-3-8-increm

ental’



A
d

d
in

g
m

o
m

en
tu

m

O
n

the�

-th
training

sam
ple,instead

ofthe
update:

�
�
����

���
�	�
��

w
e

do:

�
�
��
��
 �

���
� �
����
� �
�
��
��
�

�

T
he

second
term

is
called

m
om

entum

A
dvantages:

�

E
asy

to
pass

sm
alllocalm

inim
a

�

K
eeps

the
w

eights
in

areas
w

here
the

error
is

flat

�

Increases
the

speed
w

here
the

gradientstays
unchanged

D
isadvantages:

�

W
ith

too
m

uch
m

om
entum

,itcan
getoutofa

globalm
axim

um
!

�

O
ne

m
ore

param
eter

to
tune,and

m
ore

chances
ofdivergence



O
verfi

ttin
g

in
feed

-fo
rw

ard
n

etw
o

rks
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N
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E
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T
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V
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N
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E
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T
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V
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U
se

a
validation

setto
decide

w
hen

to
stop

training!



P
racticalissu

es

�

T
he

choice
ofinitialw

eights
has

greatim
pacton

convergence!

Ifthe
inputsize

is

�

,and

�

is
large,a

good
heuristic

is
to

choose
initialw

eights
betw

een �
�

�
�

and

�
�

�

.

�

B
ackpropagation

is
very

sensitive
to

the
size

ofthe
learning

rate!
Ifitis

too
large,the

w
eights

diverge.

�

S
om

etim
es

itis
appropriate

to
use

differentlearning
rates

for

differentlayers.

�

T
he

choice
ofinputencoding

and
netw

ork
topology

can

drastically
affectlearning!

–
Itis

bad
to

have
inputs

ofvery
differentm

agnitude

–
A

therm
om

eter
encoding

can
be

better
than

a
1-of-n

–
Too

m
any

hidden
units

hurt(w
hy?)!

G
ood

heuristic:
��

�� �
� .



A
ltern

ative
erro

r
fu

n
ctio

n
s

P
enalize

large
w

eights:

�

 ��
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��
�� 	
�� �
��	 ��



���� �
�� ��
�

���
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U
sed

to
avoid

overfitting.

Train
on

targetslopes
as

w
ellas

values:

�

 ��
 �

��
�� 	
�� �
��	 ��
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�� ��
�

� � ��	 ��


� ���
� �
��

�
� ��

� �
��

�

T
ie

together
w

eights:
Train

each
w

eightindividually,butthen
replace

the
values

w
ith

the
m

ean
ofthe

w
eights

obtained
by

backprop.



C
o

n
stru

ctive
m

eth
o

d
s

fo
r

n
eu

raln
etw

o
rks

M
eiosis

netw
orks

(H
anson):

�

S
tartw

ith
justone

hidden
unit,train

using
backprop

�

C
om

pute
the

variance
ofeach

w
eightduring

training

�

Ifa
unithas

one
or

m
ore

w
eights

ofhigh
variance,itis

splitinto

tw
o

units,and
the

w
eights

are
perturbed

C
ascade

correlation
(Fahlm

an
&

Lebiere):

�

S
tartw

ith
outputs

only
and

train
using

backprop

�

A
dd

a
neuron

connected
to

allinputs,and
train

itto
correlate

to

the
residualerror

�

C
onnectthe

neuron
to

the
outputnode,then

freeze
its

w
eights

and
train

the
outputagain

�

C
ontinue

untilthe
residualerror

is
below

a
threshold



W
h

en
to

co
n

sid
er

u
sin

g
n

eu
raln

etw
o

rks

�

Inputis
high-dim

ensionaldiscrete
or

real-valued
(e.g.

raw

sensor
input)

�

O
utputis

discrete
or

realvalued,or
a

vector
ofvalues

�

P
ossibly

noisy
data

�

Training
tim

e
is

unim
portant

�

F
orm

oftargetfunction
is

unknow
n

�

H
um

an
readability

ofresultis
unim

portant

�

T
he

com
putation

ofthe
outputbased

on
the

inputhas
to

be
fast

E
xam

ples:

�

S
peech

phonem
e

recognition
[W

aibel]and
synthesis

[N
ettalk]

�

Im
age

classification
[K

anade,B
aluja,R

ow
ley]

�

F
inancialprediction


