
McGill University — COMP 531 (Winter 2018) HW5
Due date: midnight of April 16th.

Instructions(important!): You are allowed to work with your classmates on solving
assignments, but you must write your own solutions independently.

If you read a solution from other resources (e.g. books, articles, ...), you should cite
each one of the resources. In this case, try to understand the solution first, and then write
down your solution without looking at the resources.

Present your solution in a clear and rigorous way. Clarity is as important as correct-
ness. You will lose points for a correct solution that is poorly presented.

If you can not find a solution of a problem, do not answer it, this will earn you 20%
of the points. If you have some non-trivial yet incomplete ideas to solve a problem, write
them down and indicate the gaps.

Submit your solution in class or to myCourses. Late submission will not be accepted.

Problems (each worth 25 points):

1. Let ZPP denote the complexity class of languages L for which there exists a probabilis-
tic Turing machine that recognizes L with zero error, and runs in expected polynomial
time. Show ZPP = RP ∩ co-RP.

2. Let A be a randomized algorithm for a language L. For each x ∈ L, let W (A, x) :=
{r ∈ {0, 1}n : A(x, r) = yes}.

(1) Assume A is a BPP algorithm. Use A to construct another BPP algorithm A′

such that 1
4
2n ≤ |W (A′, x)| ≤ 3

4
2n for all x.

(2) Assume A is a RP algorithm. Use A to construct another RP algorithm A′ such
that 1

4
2n ≤ |W (A′, x)| ≤ 3

4
2n for all x ∈ L.

3. Let f : {0, 1}n × {0, 1}n → {0, 1} be a random boolean function. What is the proba-
bility that D(f) < n? Use your result to conclude whether most boolean functions are
easy or difficult in terms of deterministic communication complexity.

4. Let IPk : {0, 1}n × {0, 1}n × · · · {0, 1}n → {−1, 1} denote the k-party inner product
function, let D(IPk) denote the deterministic multiparty communication complexity of
IPk in the number on the forehead model. Let discµ(IPk) denote the discrepancy of
the function under the uniform distribution. Note that when k = 2, the number on the
forehead model reduces to the usual two-party model, and we simply use IP to denote

IP2. Recall in class we showed discµ(IP) ≤
(√

1
2

)n
, and discµ(IP3) ≤

(√
1+1/

√
2

2

)n
.

Use the analytic technique we introduced in class to show

discµ(IPk) ≤ c(k)n,

where c(k) is recursively given by c(k) =
√

1+c(k−1)
2

and c(1) = 0. Compute explicitly

an upper bound for c(k), hence obtain a lower bound for D(IPk) using the discrepancy
upper bound.
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