
McGill University — COMP 531 (Winter 2018) HW4
Due date: midnight of April 5th.

Instructions(important!): You are allowed to work with your classmates on solving
assignments, but you must write your own solutions independently.

If you read a solution from other resources (e.g. books, articles, ...), you should cite
each one of the resources. In this case, try to understand the solution first, and then write
down your solution without looking at the resources.

Present your solution in a clear and rigorous way. Clarity is as important as correct-
ness. You will lose points for a correct solution that is poorly presented.

If you can not find a solution of a problem, do not answer it, this will earn you 20%
of the points. If you have some non-trivial yet incomplete ideas to solve a problem, write
them down and indicate the gaps.

Submit your solution in class or to myCourses. Late submission will not be accepted.

Problems (each worth 25 points):

1. The following is an exercise of probabilistic argument. Let A ⊆ Z+ be any finite subset
of positive integers of size N . Our aim is to show there exists a subset A′ ⊆ A such
that |A′| ≥ |A|/3 and A′ is sum-free: for any a, b, c ∈ A′, one always has a + b 6= c.

(1) For any prime number p, consider the group Zp = {0, 1, 2, . . . , p− 1}. Show that
the subset of elements of Zp that lie inbetween (p/3, 2p/3) is sum-free.

(2) Pick a large prime number p > N , show that for any fixed a ∈ A, choose k ∈ Zp
uniformly at random, the probability that ak ∈ (p/3, 2p/3) mod p is 1/3.

(3) For every k ∈ Zp, let

Ak := {a ∈ A : ak ∈ (p/3, 2p/3) mod p}.

Show that Ak has size |A|/3 in expectation. Use this to conclude the existence of
A′ as desired.

2. The discrete log problem is: given a prime number p and a generator g for the multi-
plicative group Z×p , and a point y chosen at random from Z×p , find x such that gx = y.
Suppose there exists a deterministic polytime algorithm correctly solves the discrete
log problem for a 1/poly(n) fraction of y ∈ Z×p (here n is the length of the prime p,
i.e., the size of the input). Show that there is a randomized polytime algorithm that
solves the discrete log problem at all points with high probability.

3. Show that if NP ⊆ BPP, then NP = RP.

4. Consider the function GTEn : {0, 1}n × {0, 1}n → {0, 1} defined as

GTEn(x, y) =

{
1, x ≥ y;

0, x < y.

Note in the above definition we idenfity x ∈ {0, 1}n with the unique integer in [0, 2n−
1] it represents. Recall Rε denote the randomized communication complexity using
private randomness. Show Rε(GTEn) = O(log2 n).
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