Springer

Dear Author:

Please find attached the final pdf file of your contribution, which can be viewed using the
Acrobat Reader, version 3.0 or higher. We would kindly like to draw your attention to the
fact that copyright law is also valid for electronic products. This means especially that:

* You may not alter the pdf file, as changes to the published contribution are
prohibited by copyright law.

*  You may print the file and distribute it amongst your colleagues in the scientific
community for scientific and/or personal use.

* You may make an article published by Springer-Verlag available on your personal
home page provided the source of the published article is cited and Springer-Verlag is
mentioned as copyright holder. You are requested to create a link to the published
article in LINK, Springer's internet service. The link must be accompanied by the
following text: The original publication is available on LINK http://link.springer.de.
Please use the appropriate URL and/or DOI for the article in LINK. Articles
disseminated via LINK are indexed, abstracted and referenced by many abstracting and
information services, bibliographic networks, subscription agencies, library networks
and consortia.

* Youare not allowed to make the pdf file accessible to the general public, e.g. your
institute/your company is not allowed to place this file on its homepage.

* DPlease address any queries to the production editor of the journal in question, giving
your name, the journal title, volume and first page number.

Yours sincerely,

Springer-Verlag Berlin Heidelberg



Numer. Math. (2002) 91: 117-146 -
Digital Object Identifier (DOI) 10.1007/s002110100314 Numerische

Mathematik

Scaled total least squares fundamentals

Christopher C. Paige!*, Zdenék Strakos?**

1 School of Computer Science, McGill University, Montreal, Quebec, Canada H3A 2A7;
e-mail: paige@cs.mcgill.ca

2 Institute of Computer Science, Academy of Sciences of the Czech Republic,
Pod Vodarenskou &/ 2, 182 07 Praha 8, Czech Republic; e-mail: strakos@cs.cas.cz

Received June 2, 1999 / Revised version received July 3, 2000 /
Published online July 25, 2001 Springer-Verlag 2001

Summary. The standard approaches to solving overdetermined linear sys-
temsBzx =~ ¢ construct minimal corrections to the vectand/or the matrix

B such that the corrected system is compatible. In ordinary least squares
(LS) the correction is restricted @ while in data least squares (DLS) it

is restricted taB. In scaled total least squares (STLS) [22], corrections to
both¢ and B are allowed, and their relative sizes depend on a real positive
parametety. STLS unifies several formulations since it becomes total least
squares (TLS) when = 1, and in the limit corresponds to LS when— 0,

and DLS wheny — oo. This paper analyzes a particularly useful formula-
tion of the STLS problem. The analysis is based on a new assumption that
guarantees existence and uniqueness of meaningful STLS solutions for all
parameters > 0. It makes the whole STLS theory consistent. Our theory
reveals the necessary and sufficient condition for preserving the smallest
singular value of a matrix while appending (or deleting) a column. This
condition represents a basic matrix theory result for updating the singular
value decomposition, as well as the rank-one modification of the Hermitian
eigenproblem. The paper allows complex data, and the equivalences in the
limit of STLS with DLS and LS are proven for such data. It is shown how
any linear systenBx = ¢ can be reduced to a minimally dimensioned core
system satisfying our assumption. Consequently, our theory and algorithms
can be applied to fully general systems. The basics of practical algorithms
for both the STLS and DLS problems are indicated for either dense or large
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sparse systems. Our assumption and its consequences are compared with
earlier approaches.

Mathematics Subject Classification (19915A18, 65F20, 65F25, 65F50

1 Introduction

We will useR(B) to denote the range (column space) of a malixTwo
useful approaches to solving the overdetermined approximate linear system

(1.1) Bz =c¢, B annbyk matrix,cann-vector ¢ ¢ R(B),

are ordinary least squares (LS, or OLS, see for example [1]§BL3]) and
total least squares (TLS, see [10,11], and for examplé&d8], [12,§12.3],
[16]). In LS we seek (we usg- || to denote the vector 2-norm)

(1.2) LS distance = min ||r|| subjectto By =c—r.
r?y

In TLS, E ands are sought to minimize the Frobenius (F) norm in

(1.3) TLS distance = mEin \ls, Ell|lr s.t. (B+E)z=c—s.

Inboth LS and TLS we look for a minimal correction such that the corrected
problem is compatible. While in LS the correction is restricted to the vector
¢ (which corresponds to the assumption that all errors are confined to the
vector of observations), in TLS the correction is allowed to compensate for
errors in the data matri® as well as in the vector of observatiaonghe LS
and TLS problems have statistical relevance for different situations, see Van
Huffel and Vandewalle [16] for an excellent discussion and history. They
also carefully delineated the TLS theory and how it is related to LS.

The opposite case to LS is the data least squares problem (DLS), see
[13]. In DLS the correction is allowed only i (errors are assumed to
affect only the data matrix)

(1.4) DLS distance = rgin |G|l subjectto (B+ G)w = c.

All these approaches can be unified by considering the following very
general scaled TLS problem (STLS), see the paper [22] by Rao, who called
it “weighted TLS”: for a giveny > 0,

(1.5)STLS distance = min ||[57, E]||; s.t. (B+E)z=c—3.

5,E2
Here the relative sizes of the correctionsBrandc are determined by the
real parametety > 0. When~ — 0 the STLS solution approaches the LS
solution, wheny = 1 (1.5) coincides with the TLS formulation, and when
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v — oo it approaches DLS. The case— 0 is not completely obvious
since settingy = 0 in (1.5) leads ta& = 0, but allowsarbitrary 3, which
does not necessarily mean the LS solution. The gasel is obvious, and
we see thaty — oo requiress — 0, leading to DLS. For more on STLS
and DLS see also [3], [4], [5]. Scaling by a diagonal matrix was considered
in [11], and this motivated later researchers, leading eventually to the STLS
formulation in [22]. The paper [8] considered the case where only some of
the columns of the data matrix are contaminated, and this also suggested a
way of treating LS as well as TLS in the one formulation.

The formulation of the STLS problem that we use is slightly different
from that in (1.5). For any positive bounded substitute in (1.5} = 5+,
2 =z andE = E to obtain the new formulation of the STLS problem: for
a giveny > 0,

(1.6) STLS distance = Hgn [s, E]l|lr S.t. (B+E)zy=cy—s.
s,B,z

We call thez = z(vy) that minimizes this th&TLS solutiorof (1.6). In
analogy with (1.3), we calt(y)v the TLS solutionof (1.6). In (1.6) we
could have writterr instead ofzy. We chose the present form so that for
positive bounded,, the STLS solutiorr = z(y) of (1.6) is identical to the
solutionz of (1.5). Thus (1.5) and (1.6) have identical distances and solutions
for positive bounded. Therefore our results and discussions based on (1.6)
apply fully to the scaled TLS problem (1.5).

We show for (1.6) that as — 0, z(y) becomes the LS solution of
(1.2), and(STLS distancg/~ becomes the LS distance. As— oo, z(7)
becomes the DLS solutiom of (1.4), and the STLS distance becomes the
DLS distance. The convergence of the STLS problem to the LS problem has
been described in [22], and essentially in [11], for the real case. Here the
convergence is proven for complex data by explicitly taking the limits for
both solutions and distances.

We found that the development of our results was more simple and intu-
itive using the formulation (1.6) rather than (1.5). In particular, all the known
TLS theory and algorithms can be applied directly to (1.6). The equivalence
of (1.6) and (1.5) is extremely useful. This equivalence was pointed out to
us by Sabine Van Huffel [15] after she read an earlier version of our work
based on (1.6). We have not seen it stated in the literature, but it is implicit
in the paper by Rao [22].

In (1.6), v simply scales the right-hand side vectofand the STLS
solutionz = z(v)). Therefore it is appropriate to call the formulation (1.6)
the scaledTLS problem, rather than the “weighted” TLS problem as was
done in [22]. This also avoids the possibility of confusing the meaning of
“weighted” here with its different meaning in “weighted least squares”.
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Using~ can have a statistical significance. Suppose that the elements of
B are known to have independent zero-mean random errors of equal standard
deviationd;. Suppose also that the elements: tfave been observed with
independent zero-mean random errors of equal standard dewatiand
that the errors i and B are independent. Then taking= ¢z /0, in (1.6)
will ensure that all the errors in that model have equal standard deviation (and
so variance), and (1.6) is the ideal formulation for providing estimates. This
agrees with the limiting behaviour described above, for clearbyit= 0
andé. # 0, then LS is the correct choice, whiledf;, # 0 andé. = 0,
then DLS is the correct choice. However (1.6) can also be useful outside
any statistical context, see for example [20], and thetoes not have the
above interpretation.

In allthese formulations, if € R(B), then zero distance can be obtained
via a direct solution. Otherwise TLS, and so STLS solutions can be found
viathe singular value decomposition (SVD). bgt;,, (-) denote the smallest
singular value of a given matrix. To be precisg,;,, (G) will denote thej-th
largest singular value of anby j matrix (G, and will be zero ifn < 5. The
interlacing property for the eigenvalues|[df, | [B, c| and of B B [23,
Ch2,547, pp. 103-4] tells us that,,;, ([B, c]) < oumin(B). When

(1.7) Umm([B,C]) < Umm(B>

the n by & matrix B must have rank, the unique solution of the TLS
problem (1.3) is obtained from scaling the right singular vectofifc|
corresponding te,;,, ([ B, ¢|), and the norm of the TLS correction satisfies
ming g ||[s, E]l|r = omin([B, ¢]), (see for example [12312.3]). When

(1-8) Umin([Ba C’V]) < szn(B) fora givenfy > 0,
it follows that
(2.9) STLS distance in (1.6)= o0.,in([B, ¢]).

In the general case, lét,.;, be the left singular vector subspace®f
corresponding t,,;,(B). We explain in full later why (1.8) should not be
used as a basis for the STLS theory. Very briefly, if U/,,,;,, then[B, cy]
has a singular value equal 49,;,(B) for all v > 0. But for aparticular
value ofy, [B, ¢y] might have amallersingular value thas,;,,(B). Thus
we can have (1.8Ind ¢ L Upnin. Butc L Up;, meanss,,:,(B) plays no
role in solving the LS problem, so the comparison with;,,(B) in (1.8)
should not form the basis for deciding if there is a solution to the STLS, or
even TLS, problem.

We argue that a satisfactory condition for building the theory of the TLS,
DLS and STLS formulations for solving (1.1) is thendependent criterion:

(2.10) then x k matrix B has rankk, and ¢ Y Upip.
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We will show in Theorem 3.1 (see (3.7)) that this implies
(1.11) o(y) = omin([B, y]) < omin(B) forally >0,

which of course implies (1.7) and (1.8). The condition (1.10) is the simplest
one. It only requires the SVD d8, while the others each require two SVDs.
Note also that (1.10) is purely geometric.

A trivial example of B with rankk, butc not satisfying (1.10), is

214 0
(1.12) [¢|B]=]0[30
0]0 1

Note that for sufficiently large (eveny = 1), this example gives
(1.13) Omin([B, c]) = omin(B).

But dropping the last row and column ef B], to give|c;, B11], results in
a “core” problemB;;z1 =~ ¢; satisfying (1.10) and (1.11).

Almost all practical problems will satisfy (1.10), and so (1.11), but to
complete the theoretical foundations of the STLS problem, Theorem 3.1 an-
alyzes when itis possible to have (1.13). This case seems never to have been
fully analyzed before. Clearly (1.13) corresponds to the smallest singular
value of a matrix being preserved when appending (or deleting) a column.
This is useful in the theory of updating the singular value decomposition,
and the rank-one modification of the Hermitian eigenproblem.

A crucial property of the criterion (1.10) is themtylinear systenBz =~ ¢
can in theory be reduced to a “core” problem satisfying (1.10). In practice
this can be done by direct computations that can be usefully applied to all
small and dense STLS problems. We also suggest an algorithm for the large
sparse matrix case.

Thus in this paper we present a new and thorough analysis of the theo-
retical foundations of the STLS problem, and of its relationships to the LS
and DLS problems. But we also develop some more generally applicable
matrix theory, and suggest the basics for useful approaches to solving STLS
and DLS problems.

The rest of the paper is organized as follows. We start in Sect. 2 by
reviewing some mathematical tools that we will need. In Sect. 3 we prove
just when (1.13) can hold, since this is poorly understood, but is needed for
a full understanding of TLS, DLS and STLS problems, and for our choice
of criterion (1.10). It represents a general matrix theory result that might
be useful outside the context of this paper. In Sect. 4 we give the valuable
secular equation which,,;,, ([ B, ¢y]) in (1.9) must satisfy. Section 5 derives
alternative forms of the STLS formulation (1.6) and the DLS formulation
(1.4), aswell as the DLS solution. We allow complex data, and the functional
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to be optimized is not an analytic function, so the derivative cannot be
taken in the usual way. Thus we give new algebraic proofs of optimality,
instead of using derivatives. In Sect. 6 we show how the STLS problem (1.6)
corresponds to the LS problem (1.2) when> 0, and to the DLS problem
(1.4) wheny — oo. Section 7 shows why the formulations (1.3)—(1.6) are
incomplete without the criterion (1.10), since when this does not hold, they at
best contain computationally dangerous irrelevant data, and at worst do not
lead to meaningful solutions. Section 8 shows how to handle the completely
general STLS (or eveBx ~ ¢) problem by reducing it to a core problem
that satisfies an even stronger criterion than (1.10) — one which ensures the
core problem is irreducible in the sense of containing no information that is
irrelevantto the solution. This suggests practical approachesto solving STLS
problems, whether the data matfis small and dense, or large and sparse.
Section 9 discusses how STLS problems can be solved computationally, and
describes a simple solution to the DLS problem. Section 10 compares our
chosen assumptions for ensuring unique STLS solutions with the criteria for
“generic” TLS problems given in [16]. We will always use these quotes here
because we show that some of the problems labelled “generic” in [16] are
not generic in the more usual sense of the word. This is in no way a criticism
of [16] — the authors were probably using the terminology to indicate that
all such problems could be solved by the standard algorithm of Golub and
Van Loan [11].

This paper deals with equalities, and is the first in a sequence. The next
one [20] will deal with bounds and the LS—STLS relationship wken 0.

We use[cy, B] for some purposes, and, ¢v| for others. Their SVDs
are trivially related. Of course all the ideas given here for gengegply
to the TLS problem (1.3) by taking = 1.

The philosophy behind this paper is radically different from that of pre-
vious TLS, STLS or DLS work known to us. The STLS formulation (1.6)
makes it easy to analyze and solve the STLS problem (it shows the STLS
problem is just the TLS problem with its right-hand sidgcaled byy, so all
the TLS artillery is available). But more importantly than that, the approach
of reducing a problenBx =~ ¢ to its “core” problem (Sect. 8) and solving
that core problem simplifies our understanding of the area. It also simplifies
the development of algorithms, while unifying the theoretical problems in
the area. Crucial to all this is the new-{ndependent) criterion (1.10) for
STLS (also TLS, DLS and even possibly LS) problems. This is based on
and the SVD ofB, whereas the previous main TLS criterion (1.7) involved
the SVDs of bothB and[B, ¢| (and so would be dependent grior STLS
problems). The key here is thahy STLS (or LS or TLS or DLS) prob-
lem can in theory be transformed tiyect unitary transformations into two
independent problems: a (possibly nonexistent) trivial problem, and a core
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problem, where the core problem automatically satisfies (1.10). Solving the
core problem then solves the original problem. Thus no complicated con-
ditions such as (1.7) or (1.10) need be tested, and no special cases need be
treated. All the decisions can be made by examining the sizes of elements
in the unitarily transformed data. Both theory and computations can thus be
unified, simplified and clarified.

2 Mathematical preliminaries

Here we introduce some notation and general theory that we will need in
the paper. We usa to denote the complex conjugate of the scalaand

a' to denote the complex conjugate transpose of the vectbhe k x k

unit matrix isI = ey, ..., ex]. We will need the following lemma. It is

a generalization of the familiar result obtained by taking= —1 in the
lemma.

Lemma 2.1 For any integern and matrixZ,
(.1) Z(ZHZ —XD)"ZH" —\(zZ" —\D)™ = (227 — )™,
where ifm < 0, the scalar\ must be such that the inverses exist.

Proof. Clearly (2.1) is true form = 0. Multiply each side of (2.1) by
Z7Z" — \I, giving

(2.2) Z(Zz% 7z — D)™ zH — \(zz" — A" = (221 — A2,

which is (2.1) withm increased by unity. Thus since (2.1) holds#or= 0,

it holds for all integersn > 0. Now if m = —1, (2.2) is true, so (2.1) is
also true ifZZH — \I is nonsingular. Similarly we can show (2.1) is true
form=-2,-3,.... 0O

We can avoid the restriction onas follows.

Corollary 2.1 For m < 0, (2.1) also holds foanyscalar X if we replace
each inverse by the Moore—Penrose pseudo-inverse{ihg generalized
inverse).

Proof. ReplaceZ by its singular value decomposition, and use (2.1) for the
nonsingular part. O

In order to analyze or solve (1.2)—(1.6) we usually transform the data
[B, c]. The transformations that we use here take the form

(2.3) (B,d = P2[BQ, |, P andQ unitary,
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(for obtaining LS solutiongy) need only be nonsingular). These do not alter
the distances defined in Sect. 1, and the solution vector for the original data
[B, c] is @ times that for the transformed data.

We regularly use the following for, ¢, B andy in (1.2). Letn > k
in (1.1). Let then x k& matrix B have rankk and singular values; with
singular value decomposition (SVD)

(2.4) B:U[Lg] Vi ¥ =diago,...,01), 01> ...> 0 > 0.

HereU isannxn unita}ry matrix,) isk x k,andk x kV isi a unitary matrix.

If n>k,inU = [Ug|Up| = [u1,...,uk|ugs,--.,us], Us is arbitrary up

to multiplication on the right by a unitary matrix, so assume it is chosen to
give r}};fc = e1p, p > 0. If n = k, this p will not exist. For this study, an
important part of the SVD oB is

(2.5) Upin = the left singular vector subspace Bffor o, (B).

A useful allowable transformation of the data is

2 oa
UH[B7C} |:‘(§ (1):| =10 p},
0 0
(2.6) a=(ar,...,00)T =[ug,...,u]le=Ulc

We also denote, for > 0,

x
2.7 N=UHB Vooy_ ch
() - [767]01_ Py
0 0

N has the same singular values[&s cvy]. The elements of are the com-
ponents of the vector of observationms the directions of the left singular
vectors of the data matrig. With (1.2) we see that

a—XVHy 0
Uty =Uf(c - By) = p =|p
0 0

gives the minimum fof|r||. Then for the LS solution and residual

k 2
— Q5

9 y=vsa =Y 105
i=1 g

(2.9) Irll = p.

For analysis of the STLS problem (1.6), we will be interested in the
singular values of [B, ¢v], see (1.9), and so the eigenvaluésof N7 N
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for N in (2.7). We use the following classical results (see for example [14])
to analyze these. Consider a matixvith partitioningG = g ? .When
C' is square and nonsingular, the Schur complenféntC’) of C' in G is
defined as (we will also need = C, D = E¥ andF = F for (2.12)

below)

(G/C) = F—~EC'D, s0G — [Eé_ (I)} [g (G(;CJ [é C_;D} .

(2.10)

Define the “inertia’In(M ) of a Hermitian matrix\/ to be the ordered triple
{i+, i, i}, wherei denotes the number of positive eigenvaluedffi
the number of negative eigenvalues, anthe number of zero eigenvalues.
We will use results that follow from (2.10):

(2.12) det(G) = det(C) - det(G/C),
(2.12) In(G) =In(C) + In(G/C).

3 The minimum singular values of[ B, ¢y] and B

When the minimum singular values (@8, ] and B are distinct, the STLS
problem (1.6) has a unique solution. The other possibility,

(31) O'min([B7C’Y]) = Umin(B)a

is important but subtle, so here we show just when this can happen. This will
lead us to a full understanding of the different possible meanings of STLS
problems.

The condition for (3.1) to hold is also the condition for the smallest
singular value of a full column rank matrix (hef®) to remain unchanged
whenwe append a column (herg to the matrixB (or delete the columary
from the matriX B, ¢v]). The singular valué is clearly unchanged B does
not have full columnrank. Clearly, a similar condition can be formulated with
respect to the rows of a matrix. This represents a general result independent
of the context of our paper. The proof is an extension of the following result.

Lemma 3.1 If the vectora has at least one element, the Hermitian arrow
matrix A = [a(,)q Z} is positive semi-definite (singular with no negative
eigenvalues) if and only if = 0 and the scalar > 0.

Proof. Suppose: # 0, then without loss of generality we can assume its
last elementis nonzero. By considering the determinant, we see tBelast
principal submatrix ofd has a negative eigenvalue, and by the interlacing
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property (see[23, Ch247, pp. 103—4]) the whole of must have a negative
eigenvalue. Ifa = 0, A is singular but has no negative eigenvalue if and
onlyifa>0. O

Theorem 3.1 Lety > 0 be a scalar, and fon > k > 1 let[B, ¢y] be ann
by k& + 1 matrix withn by £ submatrixB. Let B have singular values; >

>0 > 0541 = ... = 0 = omin(B) > 0 with the corresponding left
singular vectorsu, . . ., ux. Letp = ||r|| be the minimum in (1.2), see (2.6),
(2.9). Then
(3.2) Omin([B; ¢]) = Tmin(B)
if and only if (see (2.6))
(3.3) aizuflc:o, i=7+1,...,k,
and

J

2
.
Ui(o07) 20, y(0,7) =2l —o? 22?30
%

5 %~

(3.4)
The summation term is ignored if all singular valuegbére equal.

Proof. Write X, = diaQKJl,... ,O’j), XYy = diag(aj+1,.. Uk) = o1,
a; = (al,...,aj)T, as = (ozj+1,...,04k)T, a = (af',a)T. X1 anday
need not existj can be zero), bub, andas do (¢ — j > 0). To prove the
theorem, we need to show for any given- 0,

(3.5)  omin([B,cY]) = omin(B) © {a2 = 0 & ¥;(ok,v) > 0}.

Clearly (3.2) holds if and only if, is the minimum singular value a¥ in
(2.7), that is, if and only if

. X?-oll; 0 Diary

H

yay Hyy, YORas v (aa + p?) — J,%

is positive semi-definite. If > 0 the Schur complement/ of positive
definiteX? — 071 in NN — o021 is, see (2.10),

0 aory
- [’YUW? (0 ] ’
Y = 72(aHa+P2) — v a 21(21 — o)™ 21@1
= 7% (a3 a2+,0)—0'k; Yojat (27 — ofD) ™!
1/}](0767 ) +’Y a2 az,
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using Lemma 2.1 withn = —1, andy; (o, ) in (3.4). From (2.12)
(NN — o2I) = In(X? — 021) + In(M),

S0 (3.2) holds if and only ifM is positive semi-definite. Buty has at
least one element, so from Lemma 3.1 this is true if and onby i= 0
andy = ¥;(og,v) + v2aflay = ;(ox,y) > 0. Thus (3.3) and (3.4)
are necessary and sufficient for (3.2)j1f= 0 the same result follows by
applying Lemma 3.1 directly to (3.6). O

Sinceo,in([B, ¢ - 0]) = 0, this has proven fof, > 0 (the left hand side
is (1.10))

(3.7) {Bfullcolumnrank &az # 0} = opmin([B,cy]) < Omin(B).

The theorem also tells us that fBrandc representing data from some real
world application, having i ([ B, ¢7]) = omin(B) exactly is a rare event.
Itrequires all left singular vectors @ corresponding to its smallest singular
valueo, to be orthogonal te, as well as (3.4). The first condition{ = 0

in the theorem) is highly unlikely to be satisfied. Moreover, even when it is
true, we cannot necessarily findsatisfying (3.4). For a particulds andc

it is possible to have

J 12
3.8 2 52 lal”
(3.8) Irf =okd 2= <0,

i=1 ¢

giving ¢ (o, y) < 0 for all v > 0, see (3.4). In fact we have:

Corollary 3.1 Using the notation of Theorem 3.1, where # 0 corre-
sponds ta: ) Uy, in (1.10), if B has rankk then

{CLQ 75 O} or {CLQ =0 & (38)}
<~ {UMin([BﬂCV]) < Jmm(B)V’yZO},
{ag =0} & {3~ > 0 suchthat);(ox,v) =0 in(3.4)}

{Jmin([B7C'YD < Omin(B) V0 <7y <,
O-min([B7CFYD = Umzn(B) VW > Y-

Proof. These follow from (3.5) and the form af;(oy, ) in (3.4). O

Remark 3.1From this we can see that for arbitrary B and ¢ with
Omin([B,c11]) < omin(B) for some~; > 0, one cannot always get
Omin([B,cy]) = omin(B) by increasingy. But sometimes for &3, ¢
and~y; With oy ([B, cy1]) < omin(B) there existsyy > ~; such that
O'min([Ba C’Y]) = Jmln(B) forall v > Y0-
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4 The secular equation for singular values of B, cv]

When (1.10) holds, the smallest singular valug®fcy] is the STLS dis-
tance in (1.6). We now derive several forms of the secular equation for
this STLS distance. These forms will be useful for examining the limiting
behaviour in Sect. 6, and for obtaining bounds in [20].

Lemma 4.1 For anynxk matrix B andn-vectorcleto () = opmin ([ B, ¢]).
If (1.10) holds, then for alty > 0 the STLS distance in (1.6)4g~y), which
is the smallest nonnegative scalasatisfying

(4000 = (0, 7) = det([B, 7] [B, 7] — 0°I)/ det (B" B — oI

(4.2) =2ctHe— o -2 B(BYB - o2I) !B
(4.3) =21 — B(BEB - ¢*1)7'Bf]c — ¢*
(4.4) = 22 (BBY — 6%1) 7 e — o
(4.5) =~2p? — o2 — {22 (E2H — 6% la
S
(4.6) = r|* = o® —’VQUQZf’JQ,
=1 " ?

where these last two lines use the notation of (2.4), (2.6), (2.9).

Proof. When (1.10) holds, we proved in Theorem 3.1 that (1.11) holds, so
o(v) is the STLS distance in (1.6) for all > 0, see (1.9). But (1.11) shows
BB — ¢%(v)I is positive definite, sa(v) is the smallest nonnegative
satisfying (4.1). Since

BB — 0621 Blfcy

H 2y
[B,cv|7 [B,cy] — o1 ’ycHB ’YQCHC_U

2 9

(4.1) and (2.11) show that
Yr(0,7) = det(([B, 7] [B, cy] — 0°1)/(B" B — 0°1)),

which is the Schur complement & B — o1 in B, ey|" B, ¢y] — o2,

since the Schur complementis a scalar here. This with the definition in (2.10)
proves (4.2). But (4.3) is just (4.2) rearranged, and (4.4) follows from (4.3)
by using Lemma 2.1 witlm = —1. Finally (4.5) and (4.6) follow from (4.4)

by using the SVD ofB in (2.4), and the notation of (2.6) and (2.9)3

When the elements; of a are nonzero and the; are distinct in (4.6)
(see [23539, pp. 94-6], which also handles the case when this last is not
so)all the singular values d3, ¢v| are given by thé: + 1 solutionss > 0
of the secular equatiot = (o, ). When somey; = 0, (2.6) and (2.7)
show bothB and[B, ¢y] have the singular value;. However we are only
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interested irv (), the smallest singular value, thus when (1.10) holds, we
see from (4.6y () satisfies

’O‘Z‘Q

k
4.7) 0=1r(a(7),7) =2lrI* —o()> =70 (v QE:

With v = 1, (4.7) was derived in [11], see also [16, Thm. 2.7, & (6.36)],
where [16, (6.36)] corresponds to a more general case. These derivations
assumed the weaker condition (1.7), and so cannot be generalized to STLS
forall v > 0, see Remark 3.1.

It is of interest to examine how/(~) changes withy.

Corollary 4.1 1f (1.10) holds;y > 0, andc is not in the range o3, then
o(v) = omin([B, ¢y]) increases asy increases, and decreases asle-
creases, strictly monotonically.

Proof. (1.10) impliesn x k£ B has rankk. If finite v > 0 andc is not in the
range ofB, theno () = opmin([B, ¢y]) > 0. Differentiating ((4.7) divided
by v25(y)) with respect toy gives

. i Ir* 1
() |o(7) + ==

U LD B ey o R
But when (1.10) holds, (3.7) shows~) < oy, for all v > 0, so the factor
[-] here represents a positive finite number, and &{gs > 0 for all v > 0.
]

It is revealing to put the result of Theorem 3.1 in the context of work
on updating the SVD, or on rank-one modification of the Hermitian eigen-
problem (see for example [2], which is based on the ideas of Wilkinson
described in [23, Ch.Z39, pp. 94-96]). Assume that the condition (3.3)
is satisfied. Theld = v;(o, v) represents the secular equation of the cor-
responding deflated problem (where the- j deflation steps correspond
to ajy1 = ... = ap = 0). Then[B, ¢v] hask — j singular values equal
to o.:n (B). The condition (3.4) guarantees that the deflated secular equa-
tion does not have a solutianless tharo,,;,(B) (When;(ox,v) < 0,
it does have such a solution). Converselygif;,([B,cYy]) = omin(B),
then (3.3) must hold and,,;,,(B) must be deflated, otherwise the function
Y (o,7) will have a pole at,;,(B) and a positive solutioa () strictly
less thano,,;,,(B) (which gives a contradiction). Moreover, the deflated
secular equatiof = 1;(o,y) must not have a positive solution less than
omin(B), which gives (3.4). We see that we could have proved our Theo-
rem 3.1 directly using the ideas of Wilkinson, but we prefer our way above,
because itis logically simpler, and it also provides some algebraic relations
that we use later in the paper. Some related questions were also studied in
[6], but a statement similar to our Theorem 3.1 was not considered there.
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5 Alternative STLS and DLS formulations

When the minimum singular values pB, ¢] and B are distinct, the SVD
approximation theory used to provide the TLS solution (see forexample [11,
12,1,16]) is so powerful that two intermediate formulations which we need
are usually not mentioned. These hold even when the minimum singular
values are equal. The STLS and DLS versions are needed here to prove a
theoretical weakness of the formulations (1.3)—(1.6), and may even be useful
otherwise.

For the generality of this paper we allow the data to be complex. This
leads to nontrivial proofs, since (1.6) is a constrained optimization problem,
but for examplel| E||% is not an analytic function of the elements of the
complex matrixE. Thus we avoid differentiation in our proofs. We learnt
a technique for doing this by listening to J. H. Wilkinson. The idea is to
start with the answer — perhaps found by differentiating the Lagrangian for
the real case and generalizing — and show that any change to the answer
increases the functional. This also allows us to give a rigorous proof of the
form of the DLS solution when the data can be complex.

For clarity in this analysis we define= 2+, so (1.6) becomes:

(5.1) o2= Hgn |[s, E]|%, subjectto (B+ E)x =cy— s.
x

=

Suppose for a givets > 0 thatz ands are thevectorsin the solution of the
STLS problem (5.1). We now show that the matrix part of the solution is

(5.2) E=di"/i%3,  d=c¢y— Bi—4
For £ and the solution vectors ands, (5.1) simplifies to
(5.3)0% = mI;n{H§H2 +|E+F|%} s.t. (B+E+F)i=cy—3.
For anyF' satisfying these constraints,
d=cy—Bi—8=(E+F)i=d+ F#,
S0F# = 0. ThusFEH = Fzd" /3¢ = 0, and
|E+ FI% = tracd(E + F)(E + F)™) = | |3 + |F|3.

This shows that the unique minimum in (5.3) isfat= 0, and (5.2) is the
matrix part of the solution to (5.1). It follows that we can substitute

(5.4) E = (¢y— Bz —s)ztl 2z
in (5.1) to give the first alternative formulation of STLS :

(5.5) o5 = min{||s||* + [ley — Bz — s|1*/|l[*},
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since the constraints in (5.1) are automatically satisfied tay (5.4).
Suppose: ands solve (5.5). We will show that

(5.6) s=35=(cy— Bi)/(1+i%%), sothatF = 3z
where the expression fdt follows by substituting in (5.2). Define
(5.7) d=cy— Bi—5=351+ |z — 5= 5||2]%

Our proof thaf solves (5.5) will also show thalt= din (5.2). Ifz is known,
we can replace ands in (5.5) byz ands + ¢ to give

o5 =min¢(t), () ={lI5+tI*+[ld—¢]*/112],

C(t) = (15017 + 37t + 75+ |t)* + (|dI|)* — d™t — t"d + |[t]|*) /|1 2])>.
(5.8)

But from (5.7)t5 — td/||#||*> = 0, so the unique minimum of (5.8) is
given byt = 0. Thus if £ and s solve (5.5), (5.6) holds, giving with (5.5)
our second alternative formulation of STLS (5.1):

(5.9) 05 = min|ley — Bx|*/(1 + ||z]?).

For the real case, this was derived in [11], see also [3, (3.21), p.57].

This is the result we need for our analysis of STLS, so we go no further
with solving STLS here, but we will continue with the solution of the DLS
formulation (1.4). Suppose, is the vector in the solution of the DLS
problem
(5.10) o2 = min |G||%, subjectto (B4 G)w =
Doing the analysis (5.1)—(5.5) while insisting= 0 proves the matrix part
of the solution of this is

(5.11) G = dw jwHwy, d = ¢ — Bwp,
so that (5.10) simplifies to the unconstrained DLS formulation
(5.12) 02 = min ||Bw — ¢/?/|w|*.

For the real case, this was stated in [3, (4.47), p.120], with a proof in Ap-
pendix B of that Thesis.

Now we derive a closed form DLS solution. We assume that (1.10)
holds, and thap > 0 in (2.9). Using (2.4), (2.6), and remembering that
o1 > -+ > 0 = omin(B) > 0, consider the equation

0=1(c?) = c(BBY — %)~
S e
(5.13)= HUUTU,S2UHU — 0?10 e =Y M

2 27
o; o o
i=1
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where (1.10) ensures at least one of dheorresponding t@,;,, (B) will
be nonzero. Clearly(o?) is unbounded below ag® \, 0, and unbounded
above asr? " o7. Thus (5.13) has its minimal solutierf, satisfying

(5.14) 0 < 0%, < o2 when (1.10) holds ang > 0.
In this case we will show? = o2, and the solution of (5.12) is
(5.15) wp, = (BB — o2, 1) 'BHc.

Thiswp with m = —1in (2.1) gives
Bwp—c¢=[B(BIB—0%1)"'B" —Ilc = 02 (BB" — %, 1) .
(5.16)
So using (2.1) withn = —2, and (5.13),
UinD\Iz | Bwp — CH2
= aM HABBYB - UMI)_QBHC — ot cH(BBY — 62 1) 2%
=o2,c(BBY — o3 I)'c=0.
This shows thatr,, andw,, are candidates for solving (5.12), since
(5.17) oy = |Bwp — ¢|?/|Jwp]|.

It remains for us to show that any nonzero chang¢ew, increaseghis
functional. Define

¢(v) = | B(wp +v) = c||* = oF wp + vl
= |Bwp — ¢|* + (Bwp — ¢) Bv + v B (Bw, — ¢) + || Bv||?
—or(lws)? + wiv+ v wp + |Jof).
But if we use (5.15), we see that
v B (Bwp, — ¢) — o2, 0w, = v [(BEB — 02, I)wp, — B ¢] = 0.
This with (5.17) and (5.14) gives for nonzero
¢(v) = || Bol|* — o3 [[vl* > 0

soc?, < ||B(wp +v) — c||?/||lwp + v||? if v # 0. But this shows (5.17f
the optimum. When (1.10) holds apd> 0, w;, in (5.15) andG in (5.11)
uniquely solve (5.10), and? = 2, is the minimumg2 in (5.13).

Relations (5.9) and (5.12) represent a formulation of the STLS and DLS
problems (1.5) ((1.6)) and (1.4) analogous to the classical formulation of
the LS problem ,
I

|7||* = min ||c — ByHQ.
y

These were known before, but we proved them for the complex case assum-
ing (1.10). The generalized total least squares approach used in [3-5] can
be extended to complex data in a similar way.
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6 Equivalence in the limit of STLS with LS, DLS

We need to prove that when— 0 the STLS solution of the STLS formula-

tion (1.6) becomes the LS solution, and when» oo the STLS formulation
correspondsto DLS (1.4). For DLS this seems reasonable, since for any pos-
itive boundedy, (1.5) and (1.6) are equivalent with the substitutiers 5+,

z = ZandE = E. Clearly (1.5) becomes DLS as— oo, S0 it appears

that (1.6) becomes DLS too. Alternatively for any positive bounglede

can rewrite (1.6) as

STLS distance = mEin||[s,E]HF s.t. (B+E)z=c—s/7.

As v — oo it appears that we can take= 0, corresponding to DLS.
But neither of these arguments is rigorous, so we resort to the closed form
solution of (1.6) to prove these equivalences. For the case of real data, the
basic ideas foty — 0 were given in [11, Corollary 4.2], and more precisely
in [22, Theorem 3.1]. This section is thus an extension of these works.

We will assume (1.10) holds, so in particular (1.11) holds, &ldas
full column rank. For the case of (1.11), [16, Thm. 2.7] showed (for the
real case withy = 1) that the closed form TLS solution of (1.6) is, with

o(7) = omin([B, 7)),
(6.1) 2(y)y = [BYB = ()1 B ey.

Ifv = (37, v)T withv # 0is arightsingular vector 43, ¢v] corresponding
too(v), thenwe knowe(v)y = —o/v. But{[B, cy)"[B, c¢y] —o?(y) [ }v =
0, and the firsk elements of this give (6.1). This could also have been proven
from the formulation (5.9) (remembering= z+), see the proof of (5.15)
from (5.12).

The definitiono () = omin([B, ¢v]) showslim,,_,o o () = 0, so

(6.2) lim z(y) = (BEB)"'BH¢ = the LS solutiony for (1.2).
Yy

Next we relate thdistancesvheny — 0. The STLS distance is the smallest
singularvaluer () of [ B, ¢v], see (1.9), and so is the smallest solution 0

of (4.1). Ifwe defineM = I — B(B"B)"'BY = M = M?, (4.3) shows
that for the LS residual = ¢ — By = Mcin (1.2),

STLS distance in (1.6
lim 1S In ): lim o) =Vl Mce= Vriy
¥—0 ¥ y—=0 7y

(6.3) = LS distance in (1.2)

This completes our proof that as— 0, the STLS solution of the STLS
formulation (1.6) becomes the LS solution, and the STLS distance divided
by v becomes the LS distance.
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For the DLS equivalence we have the added difficulty of unknown
o(00) = limy_o o(7y). Taking the limity — oo in (4.4) shows that the
STLS distance (oco) must be the smallest positive solutien < o,in(B)
of (5.13), see (5.14). But this means thato) is also the DLS distance,,.
Also from (6.1) and (5.15) we see in the limit the STLS solutidny) of
STLS (1.6) becomes the solution vectoy of (1.4). Summarizing:

(6.4) lim STLS distance= DLS distance lim z(vy) = wp.
Y—00 y—»00

This completes the proof that when— oo, the STLS formulation (1.6)
corresponds exactly to the DLS formulation (1.4).

7 Conditions for meaningful solutions

Here we show when the problem formulations (1.3)—(1.6) are not good for
solvingBz =~ cin (1.1). Because (1.3) is a special case of (1.6), and (1.5) is
equivalent to (1.6) for bounded> 0, we need only consider the DLS (1.4)
and STLS (1.6) formulations. Of course the LS formulation (1.2) always
has a meaningful solution.
We first show that (1.3)—(1.6) are not good whelny k£ B does not have
rank k. The functional in each case is nonnegative. Suppakees not lie
in the range ofB, so the functional is positive. For the STLS problem an
alternative formulation is (5.9) witlh = z~. But takinganyx and adding to
it a large enough component in the null spac&afill make the functional
in (5.9) arbitrarily close to zero. A similar argument holds for DLS via
(5.12). Thus the formulations should at least demand the solution vectors
be orthogonal to the null space. It is preferable to eliminate the null space.
We argue that (1.3)—(1.6) are best restricted to problems of the form (1.1)
satisfying (1.10), that is,

then x k matrix B has rankk, and ¢ Y U,in,

wherelU,,;,, is the left singular vector subspace Bf corresponding to
omin(B). If this holds, then Theorem 3.1 shows (1.11) holds, see (3.7),
and we have the standard, meaningful solutions. But if it does not hold, we
will show these four formulations either have solutions that do not make
sense as solutions to (1.1), or contain data which is irrelevant to the solution
and could cause unnecessary inaccuracies with finite precision computation.
It is rarely possible to tell ahead of time which is the case, and we recom-
mend that the formulations (1.3)—(1.6) each come with the provisaRhat
andc must obey (1.10).

Suppose the data can be unitarily transformed, see (2.3), so that

C1 BH 0 :|

1) ]3] = P [dz) = oM e
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Note that in this case the SVD problems|afB] and of B each split into
two independent SVD problems. The approximation problgrmr: ¢ then
represents twandependenépproximation problems:

X
(7.2) Biix1 = ¢y, Bogxa =~ 0, r=Q [ 1] )

in that the solution to each of these has no effect upon, and can be found
independently of, the other. Each of (1.2)—(1.6) applieB4grs ~ 0 gives
zero distance and, = 0, an eminently meaningful solution.

If (1.10) does not hold, a transformation (2.3) clearly exists giving (7.1)
where Byo contains all the singular values &f equal too,,,;,(B). In the
worst case we will show, see (7.3)—(7.6), that (1.3)—(1.6) applied directly to
the combined problenBx ~ ¢ can give meaningless solutions. But even
in the best case these minimum singular values are irrelevant, and should
be removed from the problem, lest rounding errors effectively introduce
a nonzero vector below in (7.1), and so cause these irrelevant singular
values to contaminate the solution. This is more likely the smallgy, (B)
is. Although (1.2) in theory gives, = 0, this last comment suggests we
might gain by insisting on (1.10) for LS too. The rest of this section will
further develop our argument justifying the fundamental role of (7.1).

The practical reader, who agrees that probldtas~ ¢ with data that
can be transformed to (7.1) should be solved as two independent problems,
canignore the rest of this section and go to Sect. 8. That shows how transfor-
mations may be applied to produgeg, B11] in (7.1) that cannot be reduced
any further.

We examine TLS. From (5.9) with = 1 we see that (1.3) corresponds
to

(7.3) (TLS distanc¢? = min || Bz — ¢||2/(1 + ||z||?).
Supposer; solves

o} = rrgn s, E]||2 s.t. (Bi+E)z=c1—s,

=

then from (7.3)
(7.4) ot = |Buzy — a|?/(1+ ||21]?).

Suppose (to give the worst case mentioned above, see (1.12) as a numerical
example of this),

(7.5) oL = O‘mm(BQQ) <011,
Byov = uoy, UHBQQZUkUH, vy =u"tu = 1.
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We now show taking: = Q <xv1> in (7.3) with (7.1) gives a functional

value less thaw?;, soQ 361 does not minimize (7.3) when (7.1) and
(7.5) hold. Using (7.4), the functional in (7.3) becomes
[Buzi —al® +0f _ ofy +op/(L+laa]?)
(7.6) D) = 3 011>
L+ [lz* +1 1+ 1/(1+ [l ]?)

sinces? < o%,. Thus the meaningful solution = Q 01 does not

solve the combined problem correctly using the formulation (1.3). Using
(5.12) instead of (7.3) shows the DLS formulation (1.4) has exactly the
same weakness.

The case for STLS is more dangerous still, since Theorem 3.1 showed
that when (1.10) does not hold (giving (7.1)), we could hayg, ([ B, c]) <
Omin(B), butomin ([B, ¢y]) = omin(B) for some~, see Corollary 3.1. It
can be shown that this also allows the possibility that (7.5) holds — the
worst case above.

The fundamental difficulty revealed here in a clear way by the form
(7.1) has been noticed and described in various different ways before. Van
Huffel and Vandewalle [16] developed a rigorous and fascinating, but quite
complicated theory allowing them to construct a meaningful solution to the
approximation problenBx ~ c. Later workers assumed (1.11), and applied
this theory in [16] directly to the STLS problem.

We argue for the criterion (1.10) for all the formulations (1.3)—(1.6),
since unlike (1.11) this criterion is independentyofbut it ensures (1.11)
holds; itis simpler than (1.11), it leads to a clear and consistent theory, and it
ensures that the minimum singular valugi relevant to the solution. This
argumentis easy to accept when we realize there is an elegant transformation
which produces the minimally dimensioned core problem obeying (1.10)
from any givenc, BJ.

8 The core problem within Bz = ¢

Here we answer the following important question. Given a genetay

k matrix B andn-vectorc, how can the data be transformed so that the
problem Bz = ¢ splits into two independent problems as in (7.1) and
(7.2), giving a trivial problemBssus =~ 0 of maximal dimensions, and the
minimally dimensioned core problefi;;u; ~ ¢; satisfying (1.10). This

last condition ensures each of the formulations (1.2)—(1.6) has a unique
meaningful solution, which can be expressed via a simple closed form.
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The answer we give immediately suggests a very useful direct (that is,
not iterative) practical computation, but we only give the theoretical (exact
precision) version here.

Remember the STLS solution requires some knowledge of the SVD
of [¢7y, B]. Our reduction leads to a core problem from which this SVD
information can be computed easily and efficiently. Choose unitary matrices
P and(@ to produce the following real bidiagonal matrix, see for example
[12, §5.4.3-5, pp. 251-254]. In the usual casenok k& B with n > k
we obtain, where a blank means a zero element, and the bétiwould
represent a zero vector or be nonexistent:

7|61
Y2 B2
(8.1) ¢,B] = P" [¢|B] [1 Q] - | 'Yk Bk
Vk+1
0

Notice how the SVD ofcy, B] can quickly be computed from this bidiagonal
form for any choice ofy, see for example [128.6.2, pp. 452—456].

There are two ways this algorithm can terminate prematurely, so we
describe the relevant partial reductions. Initially we design unifango
that P’c = e1v1, then unitaryQ; so that(e? P/ B)Q, = B1ef, etc. After
the first half of thej-th step,j < k + 1, we have

82) P/ PP [c|BQQ2 - Qj1] =

Stop if v; = 0, since then the exact solution (zero STLS distance) can
be found by discarding columng+ 1,...,k, and rowsy,...,n of the
transformedc, B]. Otherwise ifj < k, choose unitary); so that

8.3) PM...PIPH [¢|BQ1Q2---Q;] =

Stop if3; = 0, discarding columng+1, ..., kandrowsj+1,...,nofthe
transformedc, B], leaving a STLS problem with aby j upper bidiagonal
matrix [¢, B]. In both these terminations we assume
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Notice that in each of these early terminations, direct transformations have
split the SVD of{cy, B] (and of B) into two independent SVDs.

The computations described in [£5,.4.3-5, pp. 251-254] are designed
for dense matrices. If we have large spakse3], then we could consider
the iterative bidiagonalization suggested by Golub and Kahan in [9], see
also [17]. This iterative bidiagonalization is the basis for the valuable LSQR
algorithm in [18,19] which solves large sparse LS (as well as consistent)
problems. The bidiagonalization “Bidiag 1" of [18, p.47] is used for the
LSQR algorithm (and code) in [19]. In theory afieaind a half steps, “Bidiag
1” applied toc, B] ([b, A] in [18]) produces the firsf + 1 columns ofP,
the firstj columns ofQ, and the leading + 1 by j + 1 block of the right-
hand side in (8.1),.&ke Bjorck [1,§7.6.5, pp.310-311] suggested applying
the iterative bidiagonalization (as in LSQR) to the TLS problem, see also
[7, Section 4.1]. Now we see this approach is also applicable to solving the
STLS problem, as well as (at least in theory) delivering the core problem, for
any large sparse linear systdtn: ~ c. The adaptation of LSQR for solving
large sparse STLS or DLS problems using finite precision computations will
be further investigated. See Sect. 9 for the DLS solution using (8.1).

The main theoretical importance of the reduction (8.1) here is that if
(8.4) holds, then our main criterion (1.10) holds for the reduced bidiagonal
matrix. If ; = 0 this is the bidiagonal matrix in the top left corner of the
transformedc, B in (8.2); or if v; # 0, it is the bidiagonal matrix in the
top left corner of the transformed, B] in (8.3) if ; = 0. Also (1.10) holds
for [¢, B] in (8.1) if the algorithm is not stopped prematurely. We now prove
this.

Theorem 8.1 Suppose: by k& B has SVDB = Zle u;ovf, and there
exist unitary matrices® and @ giving [¢, B] = P [c, BQ] where

7|51
Y2 B2
8.5) [¢B] = C . viBi 0, j=1,... k.
( )[C‘ ] Ve By 'Y]ﬁ]?é J
VE+1
0

Then we have a stronger condition than (1.10) for thisxd B:
(8.6) rank(B) = k; Hu; £0, i=1,...,k.

The k singular values ofB are distinct and nonzero; the + 1 singular
values ofic, B] are distinct, and all nonzero if and only-f, ;1 # 0.

Proof. Clearly B and B have the same singular values, as[dof}] and
[c,B], and B = PH"BQ has the SYDB = Y% 4,007 =
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k
Doic1 PHuy;00Q, so
CHUi:CHPPHUZ':éHﬂi’ 221,,]{?

Write B = [by, By], thenB” B is k x k tridiagonal with nonzero next to
diagonal elements, anﬂ{{Bl remains when the first row and column are
deleted. Thus the eigenvaluesif’ B; strictly separate those ot B, see
[23, Ch.5,837, p.300], and the singular valuesBf strictly separate those
of B. ThusB, and soB, has distinct singular values (see also [21, Lemma
7.7.1, p.134]). A similar argument holds far, B]. B clearly has rank,
and|c, B] has rankk + 1 if and only if v4+1 # 0. Supposer is a singular

value of B with singular vectors andv such that

Hu=3elu=0, uwo=DBv, o =u’B, |u|=|v|=1,
then0 = eTuo = eI Bv = B1efv, andelv = 0. Writing v = <2> shows

Bv=Big=uo, u'Bi=0q¢", |u|=llq| =1,

soo is also a singular value @, . This is a contradiction since the singular
values ofB; strictly separate those @, so (8.6) holds. O

Thus we need not derive results for the most general posgible3].

We can instead assume (1.10). Any more genBralk- ¢ problem can be
reduced to a core problem that satisfies (8.6) (and so (1.10)) by applying the
reduction (8.1) and stopping at the first zetoor 3;. Suppose the resulting
core data iscy, B11], see (7.1). Then the theorem also showed Bhathas

no multiple singular values, so any singular value repeats must appear in
BQQ.

We do not insist on (8.6), because a problem only satisfying (1.10) will
in theory give the same solution and distance as it would if it were reduced
to one satisfying (8.6). This can be seen for example by using the transfor-
mations of (2.6) in (6.1) to give

2(7) = VX2 = ()1 20 e,

Clearly when (1.10) holds and; = uiHc = 0 for somei, 1 < i < k, the
corresponding; in X’ does not contribute to the solution, and need not, at
least in theory, be eliminated. In practice it is preferable to carry out the
reduction (8.1) leading to (8.6), see Sect. 9.
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9 Computing STLS and DLS solutions

In order to compute either STLS solutions or the DLS solution for given
datalc, B], we recommend first carrying out a reduction of the form (8.1) to
the core problem in Sec8 — unless there are clear reasons for not doing
so. The reasons for doing so are hard to reject. For general data we will
not know if the formulations (1.2)—(1.6) have unique meaningful solutions,
but the reduction will give us a subproblem for which this is so. Even if we
know the original data satisfies (1.10), it is (from the computational point
of view) highly preferable to remove all the irrelevant information from our
data as early in the solution process as possible, and this is exactly what the
transformation (8.1) does. In any case we still need some sort of SVD of the
data, and this will usually first perform a reduction as costly as that in (8.1).
But (8.1) allows us to find the SVD dé~, B] easily for different choices
of v and so is the obvious choice. There are excellent fast and accurate
algorithms for finding all or part of the SVD of (8.1) with, replaced by
~17v. We can find just the smallest singular value and its singular vectors,
from which the solution vector(~y) can be simply attained, see (6.1) and the
two sentences following it. If we have some idea of the accuracy of our data,
then when we use numerically reliable unitary transformations in (8.1), we
will have a good idea of what element of (8.1) (if any) we can set to zero to
obtain one of the stopping criteria as soon as possible in (8.1)—(8.4). Thus
the crucial decisions can be mauaeforeany SVD computations are carried
out. This is more efficient, but it is almost certainly more reliable to make
such decisions from unitary transformations of the original data than from
the elements of singular vectors, (see for example [16, p.23] or (10.1) later).
The remaining computations for STLS are fairly obvious. Finally (8.1) leads
to a solution to the DLS problem (1.4), which we now describe.

We saw from (5.13) and (5.15) that when (1.10) holds, the solutign
and distance ,, of the DLS problem (1.4) are

(9.1) wp, = (BB — o2, 1) 1B, op =0y >0,
whereo?, is the minimal solutionr? of
(9.2) 0=1(c?) = (BB — 521 Le.

Now suppose that the core pé#t B] of the transformedc, B] has the
form in (8.5). This obviously applies to the usual case where the reduction
does not stop prematurely, but it also applies to the core problem in (8.2)
or (8.3) by replacing: here by;. We will solve the DLS problem for this
reduced, or core data. Now Theorem 8.1 proved (1.10) holdg.if = 0
the DLS distance is zero, and the solution is obvious. Otherwise, writing

a8 = [
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we see for this reduced problem tlad} must be the minimal solution? of
0=2¢&(BBY — 62I)71e = |y |2l (BB — 6%1)7Ley
= |y1|? det(BoBY — 621)/ det(BBY — 1),

since for nonsingulad, A~! = adjugatéA)/ det(A), see for example [23,
(36.3), p.39]. Butbecause thgandg; in (8.5) are nonzerofar=1,. .., k,
no singular value of3, is a singular value oB3 (by strict separation, see
the proof of Theorem 8.1), s@,, must be the smallest singular value of
the nonsingular bidiagonal matri%,. This is relatively easy to find, see for
example [12§8.6.2, pp. 452—-456].

Now letv be the right singular vector d8, corresponding te,,, then
elTv # 0 (otherwises,,; would also be a singular value &) and

(9-3) Wp = U'Yl/(ﬁlelTU)a Op =0p = Umin(BQ)a

are the DLS solution and distance in (1.4) for the reduced [dafa]. We
seew,, satisfies the equivalent of (9.1) for this reduced data, since

BHB = ‘51‘2616? + BQFIBQ, BHE = 61,81’)/1, BQHBQU = UO'JQW,

(BHB — J]%[I)wD = |61|26161TU71/([3161TU) =e1 /i = BHz,

10 “Generic” TLS problems

It is useful in the light of our new knowledge to compare (1.10) with the
criterion for “generic” TLS [16] as applied to STLS (1.6), and we do this
now. We simplify the results of [16] to the case of a single right handside
(1.6), but allowy # 1 in order to extend their results to the STLS problem.

Van Huffel and Vandewalle used the following definition of the “generic”
(S)TLS problem in [16, p.23]. Consider the singular value decomposition
of the extended matri)3, c~y] for somey > 0

[B,cy] = U'S'V'H | with ' = [diag(o?, . ..,0%41),07,

for n x n unitaryU’, (k + 1) x (k + 1) unitary V' = [y, ..., v, 4] with
eIements/;j, andn x (k+1) X', witho} > ... > O';€+1 > 0. The STLS
problem (1.6) is “generic” if forj < k defined so that

0 >0 = =04y, Wehavelvp iy i, Vg pa] # 0.
(10.1)
This includes the rar{{8) < k case. The TLS solution of a “generic”
problem is called the “generic” TLS solution, and can be computed by the
algorithm of Golub and Van Loan [11].
Note (10.1) used the SVD 0B, ¢v], whereas (1.10) used that Bf Let
o1 > ... > o > 0 be the singular values @8, see (2.4). The interlacing
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property for the eigenvalues @8, cy]" [ B, cy] and of B B [23, Ch2,547,
pp. 103-4] tells us that

OV 2012207205205 2>0j112> 20, >0k > 0py.
(10.2)

In their Lemma 3.1 and Corollary 3.4 in [16, pp. 64-5], Van Huffel and
Vandewalle proved another necessary and sufficient condition for (1.6) to
be “generic”. For a givery > 0 this condition can be stated in the following
way: if j < k is defined so that; > o, = --- = 07, then the STLS
problem (1.6) is “generic” if and only If

(10.3) 0j > 05 = = 0)yq

(In fact they considered = 1, and proved that (10.3) is equivalent to
V1410 - -2 Vi1 a] # 0)- With (10.2), (10.3) becomes

(10.4) 05> 05> 0% =011 =" =0}, =0k = Opyq,
meaning the STLS problem (1.6) is “generic” if and only if

(10.5)min(B) > omin([B, cy]) wWheno,:,([B, cy]) is simple,
(10.6)  or, wheno,,;n([B, ¢v]) is multiple:
(10.7)multiplicity (o ([B, ¢y])) > multiplicity (opmin (B)).

Since (10.5) is just (1.8), this new formulation (for a single right-hand
sidec) emphasizes that the purpose for using the “generic” TLS criterion
[16] is to provide solutions where possible in the subtle case wligre
has a multiple minimum singular value.

Our criterion (1.10) is far more brutal than (10.5)—(10.7) — it rejects
some cases where (10.5) holds, see Corollary 3.1, and all cases where (10.6)
holds. This last because (10.6) implies;.([B, ¢y]) = omin(B), So that
aes = 0 in Corollary 3.1, and (1.10) does not hold. Yet the intentions and
outcomes of the criteriain [16] and our criterion (1.10) are not very different.
In particular note thatin nearly all practical problems our restrictive criterion
(2.10) will hold, and so (10.5) will also hold, and any differences in the
criteria apply to a small number of problems at best.

If our data|c, B] does not meet the criterion (1.10), we do not wish to
reject it — we want to transform it to obtain a reduced problem that sat-
isfies (1.10). In fact, we go even further. We suggest that the [dat3|
shouldalwaysbe transformed to a reduced system (7.1) w#th of min-
imal dimensions. If we do this via the approach in Sect. 8, we disatrd
the components of the SVD d# that are irrelevant to the main approxi-
mation problem inBz = c¢. But this is partly what is done in [16]. In the
case of isolated,;, ([ B, ¢v]), (10.5) shows itr,,in([B, ¢y]) = omin(B)
the “generic” STLS solution does not exist. Moreover, in Theorem 3.1
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Omin([B,¢Y]) = omin(B) impliesay = 0 and thereforer,,,;,(B) = oy,
makes no contribution to the main approximation problefin~ ¢ (which

is why we eliminate it). For this case Van Huffel and Vandewalle §B864.1]
proposed a nongeneric TLS solution that effectively also discargs(B).
Soin this case of isolated,,;,, ([ B, ¢y]) the intentions are the same and the
outcomes are similar.

When (10.6) and (10.7) hold, the “generic” TLS solution exists but it is
not unique, and Van Huffel and Vandewalle construct the minimum norm
TLS solution [16, Thm. 3.7]. The “generic” solution exists because the
minimum eigenvalue of

E% Elalfy
vaf'sy A (afa+ p?)

is the minimum eigenvalue aV¥ N in (3.6) (see (10.7)). It is not unique
because this minimum eigenvalue is also equal to the unwanted minimum
eigenvaluesr?, | = --- = o} of B” B in Theorem 3.1. This shows this
form of “generic” problem is extremely unlikely — and in STLS problems
any minute change i will upset this equality, see Corollary 4.1. Thus
such problems (even TLS problems) are not generic in the usual sense of
the word. One definition of generic is ‘general, not specific or special’, so we
would expect a generic problem to satisfy (8.6) and so (10.5), but certainly
not (10.6) and (10.7).

For (10.6)—(10.7) our approach would first get ridadif the unwanted
singular values oB (not only those equal te,,,;,(B)), leading to a unique
solution of a reduced problem. This will provide unique solutions in all
cases. So again the intentions are the same, though the outcomes may differ.
The philosophy here is to reduce the problem to one of minimal dimensions
with a unique meaningful solution. The tendency in [16] was more to seek
such solutions without such a reduction — but by applying orthogonality
conditions to the solution instead.

In summary, the stronger but simpler criterion (1.10) together with the
concept of the core problem in Sect. 8 has allowed us to achieve simply,
clearly, thoroughly, and with one uniform approach, what [16] sought to do,
and partially achieved through the ingenious use of several techniques.

11 Summary and conclusion

The total least squares (TLS) problem for the mafsi:and the right-hand
sidecy, v > 0, represents a formulation (1.6) of the scaled TLS (STLS)
problem. For positive boundedit is equivalent to the usual formulation
(1.5) of the STLS problem foB and ¢, where the relative sizes of the
corrections inB andc are determined by. Our results bring, we believe,
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a new view to the theoretical foundations of STLS problems, and a new
understanding of these, including TLS problems, as well as of data least
squares (DLS) problems.

In Theorem 3.1 we proved the necessary and sufficient condition for
Omin(B) = omin([cy, B]), which reveals that this undesirable event must
be rare in practical STLS problems. This is a general matrix theory result
— it gives a necessary and sufficient condition for preserving the smallest
singular value of a matrix while appending or deleting a column. This led
us to a new criterion for scaled total least squares (STLS) problems, and
we showed that when this criterion is not obeyed, the standard formulations
can lead to computationally risky, or even meaningless solutions. We have
given algebraic proofs of alternative formulations of the STLS and DLS
problems, and proven the form of the DLS solution for the case of possibly
complex data. We proved how our formulation (1.6) of the STLS problem
corresponds to LS ag goes to zero, and to DLS gsgoes to infinity. We
showed how to reduce any general LS, STLS or DLS problem to the core
and transparent problem where the system mad#rixas full column rank
and distinct singular values, and the right-hand sidenot orthogonal to
any left singular vector oB3. This removes any irrelevant information from
the data and it more than obeys our criterion (1.10). We briefly indicated
new algorithms for solving STLS and DLS problems, when the @atg]
is small and dense, and when it is large and sparse.

Van Huffel and Vandewalle [16, p.19] call the TLS problem “basic”
when it has only one right-hand side vector and a unique solutigf, H
satisfies our criterion (1.10) then the STLS formulation (1.6) yields a unique
solution foranyy > 0. The LS and DLS formulations then also yield unique
solutions. The reduction in Sect. 8 yields a core problem that has minimal
dimensions and satisfies (8.6). This last criterion is even stronger than (1.10).
So perhaps we could call such problems, or the general approximation prob-
lem Bz ~ ¢, “basic” whenB, c| satisfies (1.10), and “core” when it satisfies
(8.6).

If [B, ] satisfies (1.10), then in theory there is no need to perform the
reduction to the minimally dimensioned core problem satisfying (8.6). Both
the original problem satisfying (1.10) and the reduced minimally dimen-
sioned core problem have identical solutions and distances. Computationally
however, it seems always desirable to perform the proposed reduction.

Throughout this paper we have only dealt with probleBis~ ¢ with
one right-hand side vectet For this case Sect. 10 developed a new for-
mulation (10.5)—(10.7) of the existence condition for the “generic” TLS
solution in [16]. We used this to show that reducing the problem to one
which satisfied the simpler but stronger criterion (1.10) (or preferably the
even stronger (8.6)), then solving this problem, achieved everything that this
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difficult “generic” concept and its related solution methods did, and more.
In Sect. 9 we argued that the reduction in Sect. 8 to the core problem be
applied to any STLS problem unless there is a good reason not to do so.
Thus for problems with one right-hand side, if we use this reduction there is
no need for the subtle and sophisticated concept of “generic TLS” and the
related solution methods for special cases introduced in [16]. Perhaps this
reduction and the criterion (1.10) can be developed to apply to problems
with more than one right-hand side?

As we mentioned earlier, this paper deals with exact relationships. Our
next paper [20] follows on from this, and will deal with bounds and the
LS-STLS relationship whef > 0. A crucial element in that is the amount
by which o ,in ([cy, B]) is less thar,,;,(B), and many of the results will

depend o () = opmin([cy, B])/omin(B).
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