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1 Exercisel

Extend the language for booleans and arithmetic expressienhave seen in class (see also Ch 3, CH 8 in Pierce)
with an expressiofleq t t’ which allows us to check whetheris less than or equal to’.

Small-step semantics

V numerical vaIueE_LEQ_Z V numerical value E-LEQ-SUCG-Z

leqz V — true leq (succ V) z — false

V7 numerical value V>, numerical value leq V7 Vo -V
leq (succ Vi) (succ Vy) >V

E-LEQ-SUCC-SUCC

V numerical value N — N’
leq VN — leq VN’

M- M’
leg M N — leqg M’ N

E-LEQ-1 E-LEQ-2

Theorem 1 (Determinacy of small-step rules)f M — N; and M — N3 then N7 = N,.

Proof. Induction onM — Nj.

V numerical value
Case S; = E-LEQ-Z
leqz V — true

We note that we cannot have used the BHeeQ-1 nor the rulee-LEQ-2 to deriveS, : 1leq z V — N, since there
are no small-step rules for values. Hence, the only possildenve could have used i5LEQ-z. Therefore:

V numerical value
S, = E-LEQ-Z

leqz V — true

and clearlytrue = true by reflexivity of equality.

V numerical value
Case S; = E-LEQ-SUCGZ

leq (succ V) z — false

We note that we cannot have used the mHEEQ-1 nor the rulee-LEQ-2 to deriveS; : leq (succ V) z — N,
since there are no small-step rules for values. Hence, tlyepossible rule we could have usedESLEQ-SUCGZ.
Therefore:
V numerical value
S; = E-LEQ-SUCG-Z
leq (succ V) z — false




1 EXERCISE 1 2

and clearlyfalse = false by reflexivity of equality.

Sy
V7 numerical value V, numerical value leqV; Vo -V
Case S = E-LEQ-SUCG-SUCC
leq (succ Vi) (succ Vi) >V

We again note that we cannot have used theeuleQ-1 nor the rulee-LEQ-2 to deriveS; : leq (succ V) z — N,
since there are no small-step rules for values. Hence, tlggossible rule we could have usedsis EQ-SuCG-succ
Therefore:

S;
V7 numerical value V; numerical value 1leq V; V; — V/

82 = E-LEQ-SUCC-SUCC
leq (succ Vi) (succ V3)—V’

By i.h. usingS;{ andSj, we know thatv = V'.

S
M — M’
Case &7 = E-LEQ-1
leg M N — leg M’ N

The only possible rule we could have used$nto deriveleq M N — N is the rulee-LEQ-1. If we would have
used any other rule, the®l would need to be a value, but since values don't step therédwmino derivation for
M — M’ and hence these cases are impossible. Hence, we only cotigdease where we have usa EQ-2 to
deriveS,.

S;
M- M

S E-LEQ-1

7leq MN — leq M” N

By i.h. §{ andS;, we have thaM’ = M" and therefore we havieeq M’ N = 1leq M” N.

N
V numerical value N — N’
Case S; = E-LEQ-2
leq VN — 1leq VN’

The only possible rule we could have used$nto deriveleq M N — N3 is the rulee-LEQ-1. We could not have
used the rule-LEQ-2, sinceM is a value and values don’t step. We also could not have usedthar rule such as
E-LEQ-Z, E-LEQ-SUCGC-Z, Or E-LEQ-SUCG-SUCG, since therN would need to be a value; but since values don't step
there would be no derivation fdX — N’ and hence these cases are impossible. Hence, we only cotigdease
where we have use-LEQ-2 to derivesS;.

S;
V numerical value N — N”
S, = E-LEQ-2
leq VN —1leq VN

By i.h. §{ andS;, we have thaN’ = N” and therefore we havieeq V N’ = 1eq V N”.
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Typing rules, preservation and progress

M :NAT N :NAT
leqg M N :BOOL

T-LEQ
We fold the preservation and progress proof into one statehmgre. It is equally fine to prove both statements
separately.

Theorem 2 (Preservation and progress)
If M : T then either M numerical value or thereexistsateem N st. M — Nand N : T.

Proof. By induction on the typing derivatiom : T.

Dy D;
M : NAT N : NAT
Case D=
leqg M N :BOOL
eitherM numerical value or there exists a teivtY s.t. M — M’ andM’ : NAT by i.h. D;
eitherN numerical value or there exists a teMri s.t. N — N’ andN’ : NAT by i.h. D,

Sub-casel M numerical value an®\ numerical value

By the canonical forms lemma, we need to distinguish the@fahg combinations

1. If M = z, then we can use the ruleLEQ-z andleq z N — true; moreover, by the typing rule-TRUE, we
know thattrue : BOOL.

2. If M = succ V andN = z, then we can use the rulBLEQ-SUCGZ andleq (succ V)z — false;
moreover, by the typing rule-FALSE, we know thatfalse : BOOL .

3. If M = succ V andN = succ V’, we have by assumptioP; :: succ V : NAT andD; : succ V' : NAT.
By inversion on the typing rule for-succ, we know thatD; = V : NAT andD} : V' : NAT . UsingD; andDj,
we know there exists a typing derivati@ :: leq V V' : BooL and thatD’ is smaller tharD. By i.h. onD’,
we know that there exists a tery s.t. leq V V' — My andM, : BOOL . By the ruleE-LEQ-SUCG-SUCG,
we have that there exists a term, nam®ly, whereleq (succ V) (succ V') — My.

Sub-case2 M numerical value and there exists a tekhs.t. N — N’ andN’ : NAT

leqg M N — leqg MN’ by rulee-LEQ-2
leq M N’:BOOL by typing rule usingD; : M : NAT andN’ : NAT

Sub-case3 There exists aterrfivl’ s.t. M — M’ andM’ : NAT

leq M N — leq M'N by rulee-LEQ-1
leq M’ N :BOOL by typing rule using\’ : NAT andD, : N : NAT
O



	Exercise 1

